Quantum Entanglement in Some Physical Systems by Wiesniak, Marcin
ar
X
iv
:0
71
0.
17
75
v1
  [
qu
an
t-p
h]
  9
 O
ct 
20
07
Quantum Entanglement in Some
Physial Systems
Dissertation
of Marin Wie±niak, M. S.,
Institute of Theoretial Physis and Astrophysis,
University of Gda«sk, Gda«sk, Poland,
written under the supervision of
prof. Marek ukowski
Gda«sk, 20.09.2007.
1
Abstrat
Quantum entanglement has been reognized as a preious resoure in various information pro-
essing tasks. Many of its appliations rely on the disrepany between Quantum Mehanis and
Loal Realism. This ontrast was rst shown by Bell [6℄.
For this reason a large part of the following dissertation has been devoted to the history of
the disussion on the falsiation of Loal Realism. We begin with realling the onsideration
of Einstein, Podolsky, and Rosen [34℄. Next, we resume the answer of Bohr [16℄ and the papers
of Bohm [14, 15℄, in whih he shows a possibility of existene of hidden variables in Quantum
Mehanis. Finally, we reah the argument of Bell [6℄, who proved that if suh parameters indeed
exist, they annot have a loal harater.
The Bell argument, originally drawn for two qubits and two measurements per qubit, has
been generalized to more ompliated experimental ases. We present inequalities by Mermin [61℄,
Ardehali [3℄, Belinskii and Klyshko [5℄, Werner and Wolf [88℄, Weinfurter and ukowski [87℄, and
ukowski and Brukner [103℄. All these derivations were done for an arbitrary number of qubits,
but still with only two alternative measurements on eah subsystem. The Bell expressions, whih
utilize more loal measurement were presented inter alia by Laskowski, Paterek, ukowski and
Brukner [59℄.
Another approah to the problem of nding new Bell inequalities is through an analysis of a
onvex hull, for example, in the spae of inter-qubit orrelations. This problem has been addressed
by e.g. ukowski [102℄. His method was further developed for three qubits by Wie±niak, Badzi¡g,
and ukowski [92℄. Therein, we derive versions of the Bell theorem being speial forms of the
riterion presented in [96℄, but also an inequality, in whih all three observers perform one three
measurements on their partiles. Suh an inequality annot be equivalent to any previously known
ones.
We also onsider onsequenes of taking the rotational invariane of the orrelation funtion
as an additional onstrain on Loal Realism [64℄. Upon these assumptions, we introdue a Bell
inequality, in whih every observer performs a ontinuum of measurements. It is violated by GHZ
states stronger than any other known inequalities.
Another problem addressed in this dissertation is the hannel transpareny neessary to falsify
Loal Realism in the sheme Björk, Jonsson, and Sánhez-Soto [12℄. It is a renement of the
proposal of Tan, Walls, and Collett [79℄, in whih a arrier of non-lassiality is a single photon. We
show in [92℄ that the hannel transpareny (whih in a two-qubit sheme ould be assoiated with
the quantum eieny of dtetors), above whih the Clauser-Horne inequality [23℄ an be violated
is about 17.2%. This is signiantly less than than the threshold on the detetion eieny in
two-photon experiments, found by Garg and Mermin [37℄ to be about 82.8%
We then abandon the problem of the Bell theorem, and pass to the question of entanglement in
bulk bodies. Beause of the high omplexity of the physial system and our ignorane about the
state, quantum orrelations must be onrmed with entanglement witnesses [80℄. After larifying
the notion of a witness we reall some of arguments that low-temperature values of the internal
energy reveal entanglement [85, 19℄ and genuine multi-partite quantum orrelations [44℄. We argue
that also non-linear funtions of the state an serve as entanglement witnesses. This is, for example,
the ase of the magneti suseptibility for systems with rotationally invariant Hamiltonians [90℄.
2
The generality of the magneti suseptibility as an entanglement witness is demonstrated with
various examples. We show that also the heat apaity an reveal entanglement [91℄. The last
result is related to the Third Law of Thermodynamis.
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Chapter 1
Introdution
1.1 Historial Prelude and Motivation
The formulation of Quantum Mehanis started with introduing the onept of a portion of
energy in the blak body radiation by Plank [60℄. Subsequently, Einstein dedued the existene of
the quantum of light [33℄ from the behavior of entropy of the eletromagneti eld in a avity when
one varies its volume. The emerging new theory of Nature, based on wave-funtions as a desription
of the system, allowed to explain many phenomena. A lot of attention in the development of the
theory has been attrated by a phenomenon rst disussed in more details by Einstein, Podolsky,
and Rosen [34℄.
Shrödinger [73℄ named this unique feature of quantum-mehanial systems entanglement
1
and
aptured its nature (at least for pure states) in an observation that while we may posses the
maximal knowledge about a omposite quantum system treated as a whole, in the extreme ase
measurable quantities related to individual parts of the system may be ompletely undetermined.
The subsystems are desribes only in a referene to eah other.
Quantum Mehanis allows to arbitrarily superpose wave-funtions, even if there exists a
Nature-preferred basis of distinguishable situations. For instane, an atom an be driven to an
arbitrary superposition of the ground and exited states. The feature of entanglement diretly fol-
lows from the priniple of the superposition. If a joint pure state of two or more quantum systems
annot be expressed as a tensor produt of the states of eah subsystem, but it is neessary to use
a superposition of suh produts, suh a state is alled entangled
2
;
|ψ〉[12] entangled⇔ |ψ〉[12] 6= |ψ〉[1]|ψ〉[2]. (1.1)
A mixed state is entangled if it annot be deomposed into a onvex ombination of mixed produt
states,
ρ[12] entangled⇔ ρ 6=
∑
i
Piρ
[1]
i ⊗ ρ[2]i . (1.2)
∀iPi ≥ 0,
∑
i
Pi = 1.
The right-hand side of the inequality in (1.2) is alled a separable state.
Einstein, Podolsky, and Rosen [34℄ began a disussion on the the possibility of exluding any
loal and realisti desription of the Universe and posed a question about the ompleteness of
Quantum Mehanis. The violation of Loal Realism by entangled states was some time later
elegantly demonstrated by Bell [6℄ in a form of an inequality. This inequality was thereafter exper-
imentally onrmed, rst by Aspet et al. [4℄, and generalized for systems of higher omplexity, for
instane, in [61, 3, 5, 88, 87, 103, 96, 59℄, or more reently in [102℄. This intensive searh for new
1
Original german: Vershränkung.
2
Throughout the thesis, the orresponding subsystem shall be denoted by an upper square-braketed index behind
mathematial objets, e.g. operators or states.
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entanglement tests has been motivated by identifying orrelations of purely quantum nature as a
resoure for a teleportation of an unknown quantum state [9℄, quantum omputation [42, 77, 26℄,
as well as dereasing the ommuniation omplexity in omputational tasks [21℄. It has been also
assigned a role in ertain protools for distributing a seret ryptographi key [8, 35, 75℄ (The
relation between entanglement and ommuniation omplexity problems or qunatum key distribu-
tion is through the violation of Bell inequalities). However, protools for the last two tasks were
proposed and experimentally realized also with a use of a single photon [32, 83℄.
However, even if an entangled state does not violate Loal Realism, it an be useful from the
point of of view of quantum information proessing. It was shown by Bennett et al. [10℄ that
weakly entangled states an be loally post-proessed with loal ations lassial ommuniation
ommuniation between partners possessing the state (in many opies) in order to distill maximally
entangled pairs of qubits. Even if it is not possible for a given entangled state, that is the state
is bound entangled [49℄, its orrelations an be used to ativate non-lassiality of other physial
systems [17℄. In any ase, non-separability of a state an be onrmed with positive, but not om-
pletely positive maps [67, 49℄ or entanglement witnesses [80, 54℄-(originally) hermitian operators,
extreme eigenvalues of whih are assoiated to entangled states.
1.2 Summary of Results
For the reasons explained in the rst setion, a large part of the researh, in whih the Author
of the following dissertation has partiipated over last years, has been devoted to the problem of
new versions of the Bell Theorem. Results with potentially pratial appliations are presented in
Chapter 3. Therein we exemplify a method of generating new Bell expression from the analysis
of a onvex hull in the orrelation spae for the simplest non-trivial ase of three qubits
3
and
a hoie of up to three observables for eah observer. For most of the newly-found inequalities,
we present a suient ondition on a state for satisfying the inequality. The Chapter ends with
onsidering onsequenes of taking the rotational invariane as an additional onstraint on Loal
Realism. Assuming this we are able to present a Bell ondition, that an be violated exponentially
stronger by GHZ states than any thus far known standard inequalities.
In Chapter 4 we argue that the so-alled single-photon Bell-type experiment, initially proposed
by Tan, Walls, and Collett [79℄ and theoretially rened by Björk, Jonsonn, and Sánhez-Soto [12℄,
is very robust against photon losses.
Entanglement witnesses allow to investigate non-separability in bulk solid systems, arbitrarily
large latties of spins in a thermal equilibrium. We then aim to detet quantum orrelations
with ertain values of thermodynamial quantities, like the internal energy, the heat apaity,
and the magneti suseptibility. The pioneering work due to Wang and Zanardi [85℄ links the
internal energy with a measure of two-qubit entanglement, the Wootters onurrene [94℄. In spite
of possible experimental diulties in measuring the internal energy, many authors [18, 81, 29,
95, 44℄ followed the original idea. On the other hand, Brukner, Vedral, and Zeilinger [19℄ have
shown that entanglement is implied by low-temperature values of the magneti suseptibility for a
spei substane, upri nitrate (Cu(NO3)2). In setion 5.6 we will repeat the argument from [90℄
that the magneti suseptibility is a valid entanglement riterion for thus far the widest lass of
materials, all those in whih spin interation is isotropi. Also in Setion 5.8 we aim to prove that
independently from symmetries possessed by the Hamiltonian, entanglement an be revealed by
low-temperature behavior of the heat apaity [91℄. We stress that this result is strongly related to
the unattainability of the the absolute zero temperature, whih is possibly equivalent to the Third
Law of Thermodynamis [65℄.
3
A qubit (quantum bit) is a physial system desribed by a two-dimensional Hilbert spae, for example a spin-
1
2
or a polarization of a photon, as well as a unit amount of quantum information, that an be stored in suh a system.
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Chapter 2
Bell Theorem-Introdution
2.1 Einstein-Podolsky-Rosen Paradox
In 1935 Einstein, Podolsky, and Rosen [34℄ notied the disrepany between the point of view
that Quantum Mehanis is a ompete theory and the probable from their point of view desription
of the Universe based on two main assumptions:
• Loality is dened from Speial Relativity [33℄. It states that no two events an inuene
eah other if they are spaelike separated. The mutual independene not neessarily means
that the events might not have had the ommon ause.
• The other important notion, a new meaning of whih was introdued in [34℄, is Realism. The
Authors themselves, avoiding ompliated philosophial onsiderations, onlude that:
If, without in any way disturbing a system, we an predit with ertainty (i.e.,
with probability equal to unity) the value of a physial quantity, then there exists
an element of physial reality orresponding to this physial quantity.
Thus Realism means that the results do not appear at the moment of the measurement, but
rather wait to be revealed by an observer. Suh a requirement is natural in the marosopi
world. For example, objets have their dimensions and masses, although they ould have
never been measured or weighted. The at of the measurement only reveals fats unknown
to the observer.
The theories based on these two assumptions are alled loal realisti theories or theories with
loal hidden variables (LHV). Loal Realism an be interpreted as a situation in whih every part
of a quantum system arries a set of information about whih result would be yielded under any
measurement.
Non-avoidable randomness in Quantum Mehani fored the Authors to fae the following
dilemma: either (i) the quantum-mehanial desription of the Universe based on a wave-funtion
annot be onsidered omplete, that is not all the elements of the reality are desribed, or (ii)
quantities related to non-ommuting observables annot be simultaneous elements of the same
reality.
The potential paradox was illustrated with the following wave-funtion of two partiles with
oordinates x[1] and x[2]1:
Ψ(x[1], x[2]) =
∫ +∞
−∞
ei(x
[1]−x[2]+x0)pdp, (2.1)
where x0 is a onstant and p here denotes a momentum of either of partiles. The integration gives
Ψ(x[1], x[2]) ∝ δ(x[1] − x[2] + x0), (2.2)
1
It is enough to onsider partiles living in one-dimensional geometri spae.
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and after the double Fourier Transform we get
Ψ(p[1], p[2]) ∝ δ(p[1] + p[2] − p0) (2.3)
with p0 being another onstant. The partiles are thus separated by a onstant distane, and in
the same time the sum of their momenta is equal to p0. As notied by Shrödinger [73℄, when we
trae out one of the partiles it turns out that the other partile is ompletely deloalized, in both
the position and the momentum representations. Partiles an be equally likely found in every
point of the Universe and their mean kineti energy is innite.
Aording to (2.2) if one of the observers (hereafter alled Alie) detets a partile at some
given point x, she and only she knows instantaneously that the seond partile an be found at
x0 + x. At the same time the other observer (alled Bob) would nd it exatly there in spite of
the fat that due to the assumption of loality, no information about the outome of the Alie's
measurement ould have propagated with superluminal speed. Thus, following the denition, the
position of Bob's partile is an element of the reality. But Alie ould have deided to measure the
momentum of her partile rather than position and get some value p and learn that Bob's partile
is has the momentum −p+ p0, whih also seems to be an element of the reality.
One must remember, however, that operator xˆ [1(2)] does not ommute with pˆ [1(2)], and thus
Quantum Mehanis forbids to have welldened values of the position and the momentum of the
same objet at the same time. If we agree that both the position and the momentum of the seond
partile are elements of the same reality, the Quantum Theory annot be omplete, as aording to
this theory only one of the values an be fully dened at a time. If we insist that a wave-funtion is
the most omplete desription of a system, the position and the momentum annot be simultaneous
elements of the reality. On the other hand, dierent representations of the same wave-funtion are
related to eah other by transforms. Einstein, Podolsky, and Rosen had ome to the onlusion
that Quantum Mehanis ould not have been onsidered omplete.
2.2 Anwser of Bohr
A diret response to the EPR letter [34℄ was an artile of Bohr [16℄. Using the notion of
omplementarity, whih was introdued by him, he explained that onsidered riterion of om-
pleteness of Quantum Mehanis is not adequate due to fundamental dierenes between lassial
and quantum-mehanial desriptions of the reality.
The paper starts with introduing two theoretial situations. In the rst one, a partile falls
on a diaphragm with a slit and, provided that it was aimed at the slit, its trajetory is distrated
by a diration. The diaphragm is a part of a larger measuring devie and is xed with respet to
the oordinate system of the laboratory. The only unertainty of the position of the partile just
behind the slit is related to its width, here denoted as ∆q(=
√
〈q2〉 − 〈q〉2, 〈·〉 denotes the mean
value). The diration auses a momentum interhange between the partile and the diaphragm
of the magnitude ∆p(=
√
〈p2〉 − 〈p〉2). This momentum is, however, transported to the optial
table, and further to the laboratory. It is hene impossible to preisely determine ∆p. Therefore
we annot predit the exat point of a far sreen at whih the photon would be deteted.
In ontrast, we an onsider the ase in whih the diaphragm is a freely movable part. Before
and after the photon passes the slit, we an measure the momentum of the diaphragm with help
of a stream of probe partiles. Again, any suh measurement would mean a displaement of
the diaphragm due to ollisions with probe beams. Although we have observed the momentum
interhange, we deal with the unertainty of the position. Still, we are unable to predit the exat
point of the detetion.
How does this orrespond to the EPR pair? Instead of one, let us onsider two slits in a
diaphragm whih are both narrow in omparison to the distane between them. In ase of movable
slits, when we are able to measure momentum of the diaphragm, the state of the two partiles
is lose to the EPR state. We an obtain knowledge of the dierene of positions |q[1] − q[2]| as
preisely as narrow are the slits, and, under ertain assumptions, we an learn about the amount
of the momentum interhanged with an arbitrary preision. However, sine the initial position of
9
the plate was unknown, we annot determine q[1] + q[2], and as it was a three-body ollision, it is
also impossible to have a preise value of p[1]−p[2]. Now it is up to the observer whih quantity he
measures (on one partile) and whih orresponding property of the seond partile will be dened.
The dierene, from the point of view of Bohr, lies in the ontext of the measurement. In the
rst ase, the diaphragm was a xed element of a measuring devie. We an arbitrarily preisely
determine the position of the partile in the initial state. In ase of a movable diaphragm, it
was rather a part of a quantum system. In a sense, a single slit experiment is equivalent to the
EPR gedanken-experiment, with the diaphragm playing a role of the other partile. In both ases
Quantum Mehanis allows to predit ertain properties of the partile without any disturbane,
thus it annot be onsidered inomplete. The division of the system to a mirosopial quantum
system and a marosopi measuring devie is the basis of Bohr's Copenhagen interpretation.
Signiantly, we are always fored to deal with an unavoidable and unontrollable interhange of
ertain quantities, like the momentum, between the two systems.
2.3 Bohmian Interpretation of Quantum Mehanis
The disussion on ompleteness of Quantum Mehanis returned on the oasion of papers by
Bohm [14, 15℄ from 1952, in whih he proposed his own interpretation of the theory. He argued that
the formulation of the Quantum Theory is fully onsistent and it is the most possible omplete
theory of nature, however it is still possible to introdue additional parameters. They are, by
denition, not aessible for the observer. These parameters shall allow to predit results of all
possible measurements, as Einstein, Podolsky, and Rosen were onsidering. He based his statement
on the analogy that Thermodynamis orretly desribes the behavior of gases, although it neglets
positions and momenta of individual atoms and just gives their statistial distributions. Similarly,
Quantum Mehanis may ontain some elements, whih arry information about outomes of all
possible measurements, but sine they are never known, the theory gains a statistial nature.
The Bohmian interpretation is based on the new understanding of the Shrödinger equation. If
we write the wave-funtion ψ(x) of a partile of mass m in a potential V (x) using two real-valued
funtions ψ(x) = R exp(iS/~), the Shrödinger equation,
i~
∂ψ(x)
∂t
= − ~
2
2m
∇2ψ(x) + V (x)ψ(x), (2.4)
an be expressed as
∂R
∂t
= − 1
2m
(R∇2S + 2∇R∇S), (2.5)
∂S
∂t
= −
(
(∇S)2
2m
+ V (x) − ~
2
2m
∇2R
R
)
. (2.6)
It is onvenient to introdue the probability density P (x) = R2(x):
∂P
∂t
+∇ ·
(
P
∇S
m
)
= 0, (2.7)
∂S
∂t
+
(∇S)2
2m
+ V (x)− ~
2
4m
(∇2P
P
− (∇P )
2
2P
)
= 0. (2.8)
Then, in the lassial limit of ~ → 0, the phase funtion S beomes a solution of the Hamilton-
Jaobi equation, so that we an interpret its gradient as the momentum. (2.7) expresses the
probability onservation. We thus see that that the Shrödinger evolution diers from the lassial
one in suh a way that besides the lassial" potential we have the quantum-mehanial" one,
U(x) = − ~
2
4m
(∇2P
P
− (∇P )
2
2P 2
)
= − ~
2
2m
∇2R
R
. (2.9)
This greatly resembles the situation in Eletrodynamis. In both ases the eld, the eletro-
magneti eld or the wave-funtion satisfy ertain equations (Maxwell's or Shrödinger's), from
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whih we ompute fores. Thus knowing the state at a ertain instant of time we are able to trae
the whole evolution, bak forth and bak in time.
The essential dierene between the eletromagneti eld and the wave-funtion is the form of
the equation. The Shrödinger equation is homogeneous with respet to ψ, whereas the Maxwell
equations are not with respet to the eld. Bohm sees this dierene as a possibility to modify
Quantum Mehanis, suh that signiant eets would appear only at very short distanes.
The inhomogeneous modiation of the Shrödinger equation suggested Bohm emerged from
the fat that at the time some phenomena in the subatomi sale did not have proper desriptions.
QuantumMehanis might turn out to not be valid at the Plank sale, that is distanes of the order
of 10−15 meters and would then need to be modied. Obviously, a more general theory, orret also
at these distanes, must reprodue results of Quantum Mehanis. Bohm now suggests to abandon
his idea of seeing ∇S/m as a veloity v of the partile, as well as to assume that the homogeneous
and linear with respet to ψ Shrödinger equation is not an evolution equation. Giving up these
two hypotheses implies that we annot treat the wave-funtion as a statistial desription of an
ensemble of partiles.
An example of suh a orretion in the papers of Bohm is done by introduing a fore, whih
would equalize the physial veloity v of a partile and ∇S/m. This should happen in a very short
time τ of the order or 10−15m/c2 or 10−33s. A modied lassial equation of motion has a form of
m
d2x
dt2
= ∇
(
V (x)− ~
2m
∇2R
R
)
+ f(v −∇S/m), (2.10)
and the non-homogeneous Shrödinger equation reads
i~
∂ψ
∂t
= Hψ + ξ(p−∇S), (2.11)
where f(0) = ξ(0) = 0. The quantum evolution returns to its homogeneous form after time τ .
Until then, all basi priniples of Quantum Mehanis, suh as the superposition priniple, might
not be valid. However, this or other orretions of suh a harater would allow to extend the
theory with hidden variables prediting simultaneously the position and the momentum with an
arbitrarily high preision.
In [15℄ the Author explains his interpretation of the Einstein-Podolsky-Rosen gedankenexper-
iment. Aording to Bohm, sine the wave-funtion (2.2) is real, both partiles remain at rest.
Their positions are desribed by a probability distribution, suh that always x[2] − x[1] = x0. The
observer measures the position of one of the partiles and disturbs the momentum of the other in
an unontrollable way, and, similarly, the at of measuring the momentum of one partile unpre-
ditably disturbs the position of the other. In this way Bohm is able to save the statement that
one annot measure two arbitrary quantities, even though in ase of the EPR experiment one ats
on two spatially separated subsystems. The disturbane of eld S may happen with a superlumi-
nal speed. This hypothesis must be of ourse questioned with respet to its agreement with the
Speial Relativity, as preditions of the latter are not in a onit with Quantum Mehanis. An
instant hange of the quantum-mehanial potential annot result in transfer of any useful informa-
tion between two distant observers. Without a measurement neither of them has any information
about the position or the momentum of his partile until he gets a lassial information about the
other half of the EPR pair. The transfer of the lassial information only via the EPR hannel
would be possible if there was a way to predit the position or the momentum without performing
any measurement. This is learly impossible in Shrödinger's formulation of Quantum Mehanis,
whih, as Bohm argues, does not hold at Plank sales. One an onstrut theories, whih, as it
was shown, allow to overome the Heisenberg bound for unertainties, but also these, whih permit
superluminal propagation of informations. Then, we have two more options to avoid a disrepany
between Quantum Mehanis and Speial Relativity. Firstly, there might exist a law, whih simply
prohibits superluminal hanges of the ontrollable parts of the quantum-mehanial potential also
below the Plank length. The other option is that the Lorenz invariane an be just irrelevant at
nanosales. It would be an important extension of the ideas of General Relativity to onsider the
2m here denotes meters, not the mass.
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metri tensor gˆ, and thus the urvature of the spaetime, dependent on the wave-funtion ψ(x),
whih desribes the matter and the energy in this spae. The postulate of the speed of light as the
universal onstant, the largest possible speed in the Universe, ould then be relaxed.
2.4 Bell Theorem
Bohm had argued [14, 15℄, that QuantumMehanis under some assumptions an be interpreted
as a deterministi theory based on hidden variables. However the paper of Bell [6℄ from 1964 showed
that these additional parameters, if they exist, annot have a loal harater.
Bell proposes that Alie and Bob an loally perform one of two possible dihotomi measure-
ments, A
[1]
1 , A
[1]
2 for Alie, A
[2]
1 , A
[2]
2 for Bob, whih yield +1" or −1" as results. Let us denote
the results as a
[1]
1 , a
[1]
2 for Alie and a
[2]
1 , a
[2]
2 for Bob. The assumption of Realism allows us to use
all four quantities in the same time and Loality exludes mutual inuenes between events at
Alie's and Bob's side. Out of two expressions, a
[1]
1 + a
[1]
2 and a
[1]
1 − a[1]2 , exatly one is equal to
±2, the other vanishes and similarly for a[2]1 + a[2]2 and a[2]1 − a[2]2 . As a onsequene, for any given
set of lal hidden variables determining results {a[1]1 , a[1]2 , a[2]1 , a[2]2 }, only one of four expressions
(a
[1]
1 ± a[1]2 )(a[2]1 ± a[2]2 ) is equal to ±4, while three others are 0. After averaging over many runs of
the experiment we an write∑
s[1],s[2]=±1
∣∣∣〈(A[1]1 + s[1]A[1]2 )(A[2]1 + s[2]A[2]2 )〉
λ
∣∣∣ ≤ 4, (2.12)
where the subsript λ stresses that (2.12) is valid for a given set λ of loal hidden variables.
One may also onsider theories, in whih various possible sets of LHV are distributed with a
probability density ρ(λ). This is reeted in our unertainty about measurement outomes. To
ompute averages in suh stohasti theories one must integrate over all possible sets λ with ρ(λ)
as an integration kernel:
∑
s[1],s[2]=±1
∣∣∣∣
∫ 〈
(A
[1]
1 + s
[1]A
[1]
2 )(A
[2]
1 + s
[2]A
[2]
2 )
〉
λ
ρ(λ)dλ
∣∣∣∣ ≤ 4, (2.13)
where dλ is a metri in the set of λ.
Sine the Bell inequality is linear with respet to the mean values, its loal realisti bound
an be onluded from the rst kind of theories. We hereafter assume that the theory under our
onsideration is deterministi and denote loal realisti preditions by a subsript LHV .
Sine taking the modulus hanges at most the global sign of the expression, (2.12) an be also
written with use of a sign funtion S(s[1] = ±1, s[2] = ±1) = ±1 [103℄:
− 4 ≤
∑
s[1],s[2]=±1
S(s[1], s[2])
〈
(A
[1]
1 + s
[1]A
[1]
2 )(A
[2]
1 + s
[2]A
[2]
2 )
〉
LHV
≤ 4. (2.14)
From the point of view of the disussion on the possibility of loal hidden variables only these
eight inequalities (2.14) are important, in whih the sign funtion is not fatorisable, S(s[1], s[2]) 6=
S1(s
[1])S2(s
[2]). The remaining eight produe trivial bounds
∣∣∣〈A[1]i A[2]j 〉∣∣∣ ≤ 1. In the rst ase, the
inequalities are equivalent to the one introdued by Clauser, Horne, Shimony, and Holt [24℄:
− 2 ≤ 〈A[1]1 A[2]1 +A[1]1 A[2]2 +A[1]2 A[2]1 −A[1]2 A[2]2 〉LHV ≤ 2. (2.15)
These inequalities may not be valid anymore when one uses the formalism of Quantum Me-
hanis to ompute mean values of measurements. Loal measurements with results ±1" on
two-dimensional quantum systems are assoiated with observables in a form of a salar produt of
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Figure 2.1: A sheme of a Bell experiment. Two partners, Alie and Bob, reeive partiles from
a ommon soure and perform one of two measurements of their hoie. The mean values are
plugged into (2.12.)
a normalized three-dimensional vetor built of real omponents ~a
[i]
j with a vetor of Pauli matries
~σ[i] 3 ,
σ1 =
(
0 1
1 0
)
, σ2 =
(
0 −i
i 0
)
, σ3 =
(
1 0
0 −1
)
, (2.17)
so that Alie's observables are given by A
[1]
i = ~ai
[1] · ~σ [1] and Bob's-A[2]i = ~a[2]i · ~σ[2]. The the
eigenstates of the σz operator are represented by |0〉 ↔
(
1
0
)
and |1〉 ↔
(
0
1
)
, respetively.
Now, let us assume that the pair of spins− 12 is in the singlet state |Ψ−〉 = (|10〉 − |01〉)/
√
2,
where in the state |0〉 the spin is parallel to the z-axis and anti-parallel in |1〉. Then the orrelation
funtion is given by 〈A[1]i A[2]j 〉 = −~a[1]i ·~a[2]j . For onveniene, we will restrit ourselves to observables
in the xy-plane, whih are given by
A[1](ϕA) = cosϕAσ
[1]
1 + sinϕAσ
[1]
2 =
(
0 e−iϕA
eiϕA 0
)
⊗
(
1 0
0 1
)
, (2.18)
A[2](ϕB) = cosϕBσ
[2]
1 + sinϕBσ
[2]
2 =
(
1 0
0 1
)
⊗
(
0 e−iϕB
eiϕB 0
)
. (2.19)
The orrelation funtion is then equal to
E(ϕA, ϕB) = 〈Ψ−|A[1](ϕA)A[2](ϕB)|Ψ−〉 = − cos(ϕA − ϕB). (2.20)
Let us now hoose two observables at eah side. It turns out that the optimal hoies are A
[1]
1 =
A[1](0), A
[1]
2 = A
[1](π/2), A
[2]
1 = A
[2](π/4), A
[2]
2 = A
[2](−π/4). The middle of (2.15) takes then the
value of −3 cosπ/4 + cos 3π/4 = −2√2. This is less than any theory with loal hidden variables
an predit. The Bell theorem thus states that there exist measurements, for whih quantum
mehanial preditions are in disagreement with all possible preditions based on Loal Realism.
The natural question arises whether this an be onrmed experimentally.
2.5 Additional Assumptions for Bell Theorem
3
These observables, together with σ0 =
„
1 0
0 1
«
will appear often in our further onsiderations. They on-
stitute an orthogonal basis of 2 × 2 matries, as Trσiσj = 2δij . It turns out that it is extremely onvenient to
parametrize an N-qubit state by mean values of produts of Pauli matries,
Ta...n = Trρσ
[1]
a ...σ
[N]
n ; ρ =
1
2N
“P3
a,...,n=0 Ta...nσ
[1]
a ...σ
[N]
n
”
. (2.16)
The set of numbers {Ta...n}3a,...,n=0 shall be alled a orrelation tensor. Stritly speaking, only {Ta...n}
3
a,...,n=1
transforms properly under O(3) rotations, and originally the name has been given to this subset. The rest of
oeients desribes redued states. This two meanings of the notion of the orrelation tensor an be met in this
dissertation.
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Figure 2.2: The experiment of Weihs et al. [86℄. The intervals between generations of random
numbers by RND is about 10 times shorter than the time of the propagation of photons in bers.
Apart from the Loality and Realism we need to take one more very important, but often
forgotten assumption. We need to assume that the observers hoose loal observables not long
before the measurements and independently from eah other. This ould be guaranteed if both
of them use fast random (or even pseudo-random) number generators to determine whih loal
measurement shall be performed. If the hoie of measurements for eah run of the experiment
was predened muh before the emission of the entangled pair, a loal realist ould laim that the
hidden parameters of the partiles were inuened by this predetermination.
The onditions of Randomness and Loality were stritly satised in the experiment performed
by Weihs et al. [86℄. In this realization of the experiment, eah measuring station was onneted
with a soure by 500 meters of an optial ber, but one half of eah able was rolled up next to the
soure, while the rest was strehted to Alie and Bob, separated by about 400 meters. Entangled
pairs remained for about 1 µs lose to the soure, and propagated to the observers for roughly the
same time. During the propagation time loal measurements were randomly hosen using ultra-fast
opto-eletroni swithes. Random number generators onsisted of a light emitting diode, a lter,
a beam splitter, and two detetors behind it. The lters attenuated the emitted light to about one
photon per pulse, whih was deteted at one of the sides behind the beam splitter. The results of
these measurements determined the position of an opto-eletroni transduer, through whih an
entangled photon passed, thus the hoie of a loal observable. Suh a deision was made 107 times
per seond, nally when photons were not further than 25 m from the stations. Information whih
observables were hosen ould have reahed in time neither the soure, nor the seond partile.
In spite of rigorously satisfying the Loality and Randomness onditions, the experiment of
Weihs et al. [86℄ was not ultimately onvining, sine the quantum detetion eieny, that is
the probability that the partile was deteted given that it atually reahed the detetor, was
insuiently high.
Let us denote the detetion eieny of every detetor used in the experiment as η. Following
Garg and Mermin [37℄, for the sake of view of advoating Loal Realism it is onvenient to assume
that eah non-registered photon would produe always the same result, (say, +1"). Let us,
moreover, assume that the state is a Werner state, that is a mixture of a maximally entangled
state, |Ψ−〉〈Ψ−| = 12 (|01〉 − |10〉)(〈01| − 〈10|), with a maximally mixed state, 1 4⊗44 4:
ρ = V |Ψ−〉〈Ψ−|+ (1− V )1 4×44 , (2.21)
0 ≤ l ≤ 1.
Suh states are reated when one of the photons from an entangled pair is being a subjet to a
depolarizing hannel desribed by a transformation ρ → V ρ + (1 − V )∑3i=0 σ[1]i ρσ[1]i . Thus after
taking into aount the detetion eieny, we have a eetive orrelation funtion Eeff (ϕA, ϕB) =
−V η2 cos(ϕA − ϕB) + (1 + η)2. After plugging into (2.15), one gets
− 2 ≤ −V η2(cos(ϕA − ϕB) + cos(ϕ′A − ϕB)+
cos(ϕA − ϕ′B)− cos(ϕ′A − ϕ′B)) + 2(1− η)2 ≤ 2, (2.22)
4
By 1 x×x we denote a unit matrix of dimension x.
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and optimizing over angles we obtain a neessary ondition for a violation of the inequality:
V η2
√
2 + (1 − η)2 > 1. (2.23)
This is a ondition for ritial values of V and η only above whih the Bell inequality an be
violated:
ηCRIT =
2√
2VCRIT + 1
. (2.24)
The inequality (2.15) annot be violated if V ≤ 1√
2
. If the photons reah detetors without any loss
of oherene, the required detetion eieny to violate a CHSH inequality is ηCRIT = 2(
√
2−1) ≈
82.8%.
The relation (2.24) an be also obtained from the Clauser-Horne (CH) inequality [23℄ for event
probabilities:
P (ϕA, ϕB) + P (ϕ
′
A, ϕB) + P (ϕA, ϕ
′
B)− P (ϕ′A, ϕ′B)− P (ϕA)− P (ϕB) ≤ 0.
(2.25)
The joint probabilities take a form P (ϕA, ϕB) =
η2
4 (1−V cos(ϕA−ϕB)), whereas loal probabilities
are given by P (ϕA) = P (ϕB) =
η
2 . Applying this forms to (2.25) and after the optimization we
get
η2
2
(1−
√
2V )− η ≤ 0, (2.26)
and nally obtain (2.24).
It was shown by Eberhard [31℄ that the ritial eieny an be lowered to 66.7%. This is
done, however, for states arbitrarily lose to produt ones.
One should also onsider false detetions, alled dark ounts. As we assume, they our with
the probability PD within the time gate. Now, the eetive probabilities are Peff (ϕA, ϕB) =
η2
4 (1 − V cos(ϕA − ϕB)) + η(1 − η2 )PD + (1 − η2 )2P 2D and Peff (ϕA) = P (ϕB) = η2 + (1 − η2 )PD,
whih put into (2.25) gives
VCRIT = (1 − PD)(2 − ηCRIT )(PD(2− ηCRIT ) + ηCRIT )/(
√
2η2CRIT ). (2.27)
The dark ounts have their origin in thermal exitations of eletrons in a photosensitive element,
whih are not distinguishable from photoexitations. To avoid this problemati eet, detetors
are often ooled down to the temperature of liquid nitrogen, i.e., 72K. As a ontrollable parameter,
the dark ount probability is not as relevant as the detetion eieny.
Out of many realizations of the Bell experiment, only in the one of Rowe et al. [71℄ the detetion
loophole was overome. They have realized an entangled state with trapped ions
9
Be
+
, what has
allowed to ahieve almost perfet measurement eieny (about 99%). However, the two entangled
ions were plaed in the same trap, and separated from eah other only by mirometers. Thus the
loality loophole was left wide open.
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Chapter 3
Generalizations of Bell Theorem
3.1 GHZ paradox
In 1989 the two-qubit Bell theorem [6℄ had already been broadly disussed in literature (e. g.
[23, 24, 8℄), and there have been realizations a Bell-type experiment [4℄ by then. Although up to
date no suh experiment had all the possible loopholes losed, already at the time the majority
of the physial ommunity aepted the possibility of having two quantum objets orrelated in
a stritly non-lassial way. One natural question was if entanglement an be demonstrated with
more than two mutually orrelated objets. Another interesting problem was to onentrate the
researh on systems desribed by Hilbert spaes of dimensions higher than two. At the rst sight,
both limits, the limit of large numbers of subsystems and the one of many degrees of freedom, may
suggest reahing marosopi, thus fully lassial regime. However, it is just enough to onsider
two spin-l partiles, whih isotropially interat with eah other,
H = ~ˆS[1] · ~ˆS[2]. (3.1)
The ground state
1
is a singlet state, in whih no information about individual spins is available.
The von Neumann entropy of the redued states, whih sine 1996 is known to be a unique measure
of entanglement for pure, bipartite systems [7℄, reads
S(Tr2|g〉〈g|) = −Tr(Tr2|g〉〈g|) log2(Tr2|g〉〈g|)
= −Tr1 (2l+1)×(2l+1)
2l+ 1
log2
1 (2l+1)×(2l+1)
2l+ 1
= log2(2l + 1) (3.2)
and grows logarithmially with the magnitude of the spin. Here Tr2 denotes a partial trae over
degrees of freedom of the seond partile. One an also show, for example using an argument from
[81℄ or [90℄, that the higher the spins are, the higher is the ritial temperature, above whih known
riteria do not reveal entanglement. Can more qubits also lead to more non-lassial preditions
than two qubits?
The rst positive answer to this question was given by Greenberger, Horne, and Zeilinger
[41℄, who have exemplied an even stronger disrepany between preditions of Loal Realism
and Quantum Mehanis than found in [6℄. Surprisingly, this did not require a new inequality.
Their original derivation was done for four qubits, nevertheless, let us disuss the version for three
partiles in more details.
Let eah of three observers, Alie, Bob, and Charlie, reeive a spin-
1
2 oming from a ommon
soure. Eah of them hooses one of two dihotomi observables (A
[1]
1 , A
[1]
2 , A
[2]
1 , A
[2]
2 , A
[3]
1 , A
[3]
2 )
with spetra {+1,−1}. Let these observables be projetions of the spins onto axes in the xy-plane,
as in the ase of two-qubit Bell theorem. Assume that the results of these measurements were
1
The absolute zero temperature is not attainable in a nite proess [65℄, but temperature an be made arbitrarily
lose and hene the atual thermal state an arbitrarily well approximate the ground state
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deterministially predited by loal hidden variables. For example loal hidden variables may set
three dierent produts, A
[1]
1 A
[2]
2 A
[3]
2 , A
[1]
2 A
[2]
1 A
[3]
2 , A
[1]
2 A
[2]
2 A
[3]
1 to be equal 1. Then from these three
results we an ompute the result for A
[1]
1 A
[2]
1 A
[3]
1 :
×
A
[1]
1 A
[2]
2 A
[3]
2 = 1
A
[1]
2 A
[2]
1 A
[3]
2 = 1
A
[1]
2 A
[2]
2 A
[3]
1 = 1
A
[1]
1 A
[2]
1 A
[3]
1 = 1
. (3.3)
This is due to the fat, that sine the spetra of all observables are {+1,−1}, their squares are
just unity operators. On the other hand, if Alie, Bob, and Charlie measure x or y omponents of
their spins, for a ertain quantum mehanial state they an have
〈σ[1]1 σ[2]2 σ[3]2 〉 = 1,
〈σ[1]2 σ[2]1 σ[3]2 〉 = 1,
〈σ[1]2 σ[2]2 σ[3]1 〉 = 1,
〈σ[1]1 σ[2]1 σ[3]1 〉 = −1,
(3.4)
what follows from
×
σ
[1]
1 σ
[2]
2 σ
[3]
2
σ
[1]
2 σ
[2]
1 σ
[3]
2
σ
[1]
2 σ
[2]
2 σ
[3]
1
σ
[1]
1 −σ[2]1 σ[3]1
. (3.5)
A quantum state, for whih mean values are equal to those assumed in (3.4) takes a form
of
1√
2
(|000〉 − |111〉) and is referred to as the 3-qubit GHZ state. Similar alulations hold for
other possible results of rst three produts. The alulations based on Loal Realism give results
opposite to quantum-mehanial ones.
This way of showing the ontrast between Loal Realism and Quantum Mehanis is alled All-
versus-Nothing" Bell theorem, or the Bell theorem without inequalities. It an be easily generalized
to more qubits. A possible set of produts, whih allow to make preditions for all non-vanishing
mean values in xy-planes onsists of
∏N
i=1 σ
[i]
1 and all the ombinations, in whih Alie and one other
observer hoose σ2, while the rest of them measures σ1, e.g. σ
[1]
2 σ
[2]
2
∏N
i=3 σ
[i]
1 , σ
[1]
2 σ
[3]
2
∏N
i=2,4 σ
[i]
1 ,
et..
All-versus-Nothing paradoxes an be also derived for hyperentangled
2
pairs of photons [22℄.
It is also possible to derive All-versus-Nothing paradoxes for higher dimensional systems. For
example, for three qutrits
3
Alie, Bob, and Charlie hoose one of two observables with spetra
{1, α, α2} (α = exp(2πi/3)), so that (A[j]i )3 = 1 3×3(i = 1, 2, j = 1, 2, 3). In suh a ase, a loal
realisti produt
×
A
[1]
1 A
[2]
1 A
[3]
1
A
[1]
2 A
[2]
1 A
[3]
1
A
[1]
1 A
[2]
2 A
[3]
1
A
[1]
1 A
[2]
1 A
[3]
2
A
[1]
2 A
[2]
2 A
[3]
2
(3.6)
2
By hyperentangled we mean entangled in more a pair of degrees of freedom, suh photons are entangled both in
polarization modes and spatial modes referring to dierent paths in Mah-Zehnder interferometers, in whih they
propagate.
3
Systems of the Hilbert spae dimensionality 3.
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is relevant. If we nd a set of observables and a state for whih, e. g., 〈A[1]1 A[2]1 A[3]1 〉 =
〈A[1]2 A[2]1 A[3]1 〉 = 〈A[1]1 A[2]2 A[3]1 〉 = 〈A[1]1 A[2]1 A[3]2 〉 = 1, but 〈A[1]2 A[2]2 A[2]3 〉 6= 1, one has an expliit
violation of Loal Realism. Nevertheless, paradoxes derived for higher-dimensional systems are
usually not as strong as those for qubits.
3.2 Mermin Inequalities
Mermin [61℄ observed that the whole non-lassiality of the N -qubit state
|GHZN 〉 = 1√
2
(|0〉⊗N + |1〉⊗N) , (3.7)
the orrelation funtion in xy-planes of whih reads
E(φ1, ..., φN ) =
〈
GHZN
∣∣∣∣∣
N∏
i=1
(cosφiσ
[i]
1 + sinφiσ
[i]
2 )
∣∣∣∣∣GHZN
〉
= cos
(
N∑
i=1
φi
)
, (3.8)
is related to the fat that it is an eigenstate of the operator
M =
1
2

 N∏
j=1
(σ
[j]
1 + iσ
[j]
2 ) +
N∏
j=1
(σ
[j]
1 − iσ[j]2 )

 . (3.9)
In (3.9) only these terms survive in whih σ2 appears k = 0, 2, 4, .., 2Int(N/2)
4
times. If k/2 is even,
there is a “+” sign in front of a produt of Pauli matries, and “−” otherwise. The orresponding
mean values for the GHZ state (3.7) have the same sings and eah of them has a modulo 1. Thus
the eigenvalue of (3.9) orresponding to (3.7) is equal to the number of non-vanishing terms in M ,
2N−1.
On the other hand, if we assume Loal Realism, the mean value of A an be written as
F = 〈M〉LHV = Re

 N∏
j=1
(a
[j]
1 + ia
[j]
2 )


LHV
. (3.10)
By a
[j]
l we here denote the outome of the σ
j
l measurement determined by LHV. F is a real part
of a produt of N omplex numbers, eah of the modulo
√
2 and the argument ±π/4 ± π. The
vetor representing in a omplex plane this produt an be parallel to the real axis for N even,
or reate angle π/4 with the axis for N odd. The lassial limit of this expression is hene 2N/2
and 2(N−1)/2, respetively. Thus Mermin [61℄ gave the rst quantitative argument that the GHZ
state for N qubits leads not only to exponentially many (with N) All-versus-Nothing paradoxes,
but also to an exponentially strong violation of Bell inequalities.
3.3 Ardehali Inequalities
The rst generalization of the Mermin inequalities was introdued by Ardehali [3℄. He suggested
4
By Int(x) let us here denote the integer part of x, e.g. Int(2.5) = 2.
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to onsider two operators for the N -qubit ase:
M1 = (σ
[1]
1 σ
[2]
1 ...σ
[N−1]
1
−(σ[1]2 σ[2]2 σ[3]1 ...σ[N−1]1 + σ[1]2 σ[2]1 σ[3]2 ...σ[N−1]1 + ...)
+(σ
[1]
2 σ
[2]
2 σ
[3]
2 σ
[4]
2 σ
[5]
1 ...σ
[N−1]
1 + ...)
−...+ ...)(~a [N ]1 + ~a [N ]2 ) · ~σ[N ], (3.11)
M2 = ((σ
[1]]
2 σ
[2]
1 ...σ
[N−1]
1 + σ
[1]
1 σ
[2]
2 ...σ
[N−1]
1 + ...)
−(σ[1]2 σ[2]2 σ[3]2 σ[4]1 ...σ[N−1]1 + σ[1]2 σ[2]2 σ[3]1 σ[4]2 ...σ[N−1]1 )
+...− ...)(~a [N ]1 − ~a [N ]2 ) · ~σ[N ]. (3.12)
As before, the salar produt of real unit vetors ~a
[N ]
1 and ~a
[N ]
2 with the Pauli matries vetor
denes the rst and the seond observable of the Nth observer. The rst operator is built only of
terms in whih σ2 appears k = 0, 2, 4, ..., 2Int((N − 1)/2) times for qubits 1 to N − 1. Is k/2 even,
the sign in front of the term is “ + ” rather than “ − ”, whih appears for k/2 odd. Similarly, in
the seond operator σ2 appears k = 1, 3, ..., 2Int((N − 1)/2) + 1 times within this set of qubits.
There is a “ + ” sign for (k − 1)/2 even and we have “− ” for (k − 1)/2 odd. Thus the operators
an be written as
M1 = Re
(∏N−1
j=1 (σ
[j]
1 + iσ
[j]
2 )
)
(~a1
[N ] + ~a2
[N ]) · ~σ[N ], (3.13)
M2 = Im
(∏N−1
j=1 (σ
[j]
1 + iσ
[j]
2 )
)
(~a1
[N ] − ~a2 [N ]) · ~σ[N ]. (3.14)
Quantum mehanially, if vetors ~a
[N ]
1 and ~a
[N ]
2 are hosen to be (1/
√
2, 1/
√
2, 0) and
(1/
√
2,−1/√2, 0), respetively, we an reonstrut the original result of Mermin, that is that
(3.7) an be made an eigenstate of M1 +M2 with the respetive eigenvalue 2
N−1/2
.
Loal and realisti alulations are also similar to the ones made by Mermin. It is enough
to notie that, as in ase of the original derivation, for loal realisti theories only one of two
expressions, 〈A[N ]1 〉LHV +〈A[N ]2 〉LHV and 〈A[N ]1 〉LHV −〈A[N ]2 〉LHV , is equal to±2, the other vanishes.
It then sues to repeat the bounding argument of Mermin for (3.13) and (3.14) to obtain that
the loal realisti bound is 2(N−1)/2 for N odd, or 2N/2 for N even.
Thus in the ase of the GHZ states Ardehali's inequalities an be violated with a strength up to√
2 times higher than Mermin's inequalities. This advantage was ahieved in [3℄ by giving the last
observer a possibility to measure projetions of the spin onto two arbitrary axes, rather than onto
two xed ones. This allows Adrehali inequalities to be violated by both the N -partite GHZ state
and a produt of the (N − 1)-qubit GHZ state and a single qubit pure state. The derivation of
the inequality also refers to Bell's original idea of pairs of in some sense omplementary quantities.
The omplementarity is expressed in the fat that if one of the expressions takes its maximal value,
the other vanishes.
3.4 Mermin-Ardehali-Belinskii-Klyshko Inequalities
The idea of suh a omplementarity was exploited in the inequalities derived by Belinskii and
Klyshko [5℄. Let us onsider two series of operators, SN1 , S
N
2 , dened in an iterative way:
SN+11 =
1
2
(
SN1 (A
[N+1]
1 +A
[N+1]
2 ) + S
N
2 (A
[N+1]
1 −A[N+1]2 )
)
. (3.15)
To initialize this iteration, we need to assume that the seeds are S01 = S
0
2 = 1, or S
1
1 = A
[1]
1 , S
1
2 =
A
[1]
2 . The struture of S
N
2 is the same as of S
N
1 , but with A
[k]
1 and A
[k]
2 interhanged for all k ≤ N .
Let us write down few rst expressions:
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S21 =
1
2 (A
[1]
1 (A
[2]
1 +A
[2]
2 ) +A
1
2(A
[2]
1 −A[2]2 )), (3.16)
S31 =
1
2 (A
[1]
1 A
[2]
1 A
[3]
2 +A
[1]
1 A
[2]
2 A
[3]
1 +A
[1]
2 A
[2]
1 A
[3]
1 −A[1]2 A[2]2 A[3]2 ), (3.17)
... .
Trivially, the extreme values for S11 and S
1
2 are±1. Then it is easy to argue from the onstrution of
the sequene that also all mean values of SN1(2) above 1 or below −1 annot be explained with Loal
Realism. In deterministi theories based on LHV one of terms in (3.15) vanishes, the magnitude
of the other is anelled to 1 with the frational fator
1
2 appearing in eah iteration.
The quantum-mehanial bound was shown in [5℄ to be 2(N−1)/2. Thus so-alled Mermin-
Ardehali-Belinskii-Klyshko (MABK) inequalities turn out to be violated in some ases with a
higher ratio than ever possible for Mermin or Ardehali inequalities.
3.5 WWWB Inequalities
The derivations desribed above, espeially due to Belinskii and Klyshko [5℄, utilize the om-
plementarity mentioned above, however, only a ertain onguration of suh pairs of suh omple-
mentary
5
expressions is used and eah onsideration leads to one ertain inequality.
The omplete (in the sense explained further) set of Bell inequalities for N qubits given that
eah observer hooses between two dihotomi observables was derived by Werner and Wolf [88℄,
and independently by Weinfurter and ukowski [87℄ and by ukowski and Brukner [103℄. They
are known as WWWB inequalities.
The onstrution given in [103℄ is similar to the original argument in [6℄. Let us onsider
all possible produts
〈∏N
i=1(A
[k]
1 + s
[k]A
[k]
2 )
〉
with s[k] = ±1. Loal-realistially, only one suh
expression at the time has non-zero value at the time. For a partiular hoie of signs, s[k] =
〈A[k]1 〉LHV 〈A[k]2 〉LHV (we remind that in these theories these mean values are also ±1), the produt
is equal to ±2N . Thus the general Bell inequality for N qubits and 2 observables per site reads
∑
s[1],...,s[N ]=±1
∣∣∣∣∣
〈
N∏
k=1
(A
[k]
1 + s
[k]A
[k]
2 )
〉∣∣∣∣∣ ≤ 2N , (3.18)
and is equivalent to 22
N
inequalities
∑
s[1],..,s[N ]=±1
S(s[1], ..., s[N ])
〈
N∏
k=1
(A
[k]
1 + s
[k]A
[k]
2 )
〉
≤ 2N , (3.19)
where the sign funtion S(.) depends on signs s[k] and takes values ±1. Within the set, we also
nd trivial inequalities, like
∣∣∣〈∏Nk=1A[k]1 〉∣∣∣ ≤ 1. But also true non-trivial Bell expressions. The
highest violation ratio is observed when (3.19) reonstruts the MABK inequalities.
It is possible to give a suient ondition for an arbitrary state of N qubits to satisfy (3.19).
Let us rst rederive the neessary and suient ondition for two qubits originally presented by
the Horodeki Family [52℄, but rather in the formalism of [103℄. The general two-qubit inequality
an be written as
2∑
l[1],l[2]=1
∣∣∣〈(A[1]1 + (−1)l[1]−1A[1]2 )(A[2]1 + (−1)l[2]−1A2[2])〉∣∣∣ ≤ 4. (3.20)
Reall that in Quantum Mehanis the mean values of our interest are omputed from the orre-
lation tensor, Ej1,..,jN = 〈A[1]j1 ...A
[N ]
jN
〉 = Tˆ · (~a[1]j1 ⊗ ...⊗~a
[N ]
jN
)(j1, ..., jN = 1, 2)
6
. Both observers an
5
In Loal Realism.
6
The salar produt of two tensors is here understood as Aˆ · Bˆ =
P3
i1,...,iN=1
Ai1...iNBi1...iN .
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hoose suh loal oordinate systems that the unit vetors dening their observables will satisfy
~a
[k]
1 + ~a
[k]
2 = 2~e
[k]
1 cosαk/2 and ~a
[k]
1 − ~a [k]2 = 2~e [k]2 sinαk/2, given that ~e1, ~e2, ~e3 are unit vetors
parallel to axes x, y and z, respetively, and αk is the angle between ~a
[k]
1 and ~a
[k]
2 . Putting this
into (3.20) we get
(|T11|, |T12|, |T21|, |T22|) ·
(| cosα1 cosα2|, | cosα1 sinα2|, | sinα1 cosα2|, | sinα1 sinα2|) ≤ 1, (3.21)
where Tijs are elements of the two-qubit orrelation tensor (see Setion 2.4). This means the
following. One an take a orrelation tensor of a state, initially given in any loal bases. Then
one onstruts a modied tensor, Tˆmod in whih all elements have been replaed by their moduli.
If there are loal oordinate systems in whih any element of Tˆmod exeeds 1, that is if Tˆmod is
not a orrelation tensor of any physial state, the state violates (3.20). This greatly resembles
Peres-Horodeki riterion [67, 49℄ (to be explained in Setion 5.2), in whih physiality of a state
is also questioned after a ertain operation, i. e., a partial transposition.
The two vetors appearing in (3.21) an be made parallel by a proper hoie of α1 i α2 and
oordinate systems. Moreover, the seond vetor built of trigonometri funtions is always nor-
malized. Hene, on the basis of the Cauhy inequality, |~a ·~b| ≤ |~a||~b|, the neessary and suient
ondition for a state to satisfy (3.21) reads
2∑
a,b=1
T 2ab ≤ 1. (3.22)
In the same fashion one an onsider (3.18) for more qubits, up to the point in whih we
parallelize the two vetors. This is in general not possible for more qubits due to the linear growth
of free parameters and the exponential growth of of vetor omponents. The analogous ondition,
2∑
a,...n=1
T 2a...n ≤ 1, (3.23)
is only suient. If (3.23) holds in all oordinate systems, the state an never violate any of
inequalities (3.19). However, the ondition with the modied ondition, that is that
max
∣∣Tmod11..1∣∣ ≤ 1 (3.24)
holds in all loal bases is still neessary and suient for (3.18) to be satised. The maximum is
taken over all three-dimensional rotations, both before and after the modiation of the tensor, for
all loal oordinate systems (eah observer xes his/her own Cartesian system).
3.6 Drawbaks of WWWB Inequalities [104, 74℄
An example of a state, whih neither satises (3.23), nor violates (3.18) is a so-alled noisy W
state, given by
ρW,N (VN ) = VN |WN 〉〈WN |+ (1 − VN )1 2N×2N
2N
, (3.25)
|WN 〉 = 1
N
(|10...0〉+ |01...0〉+ ...+ |0...1〉),
whih is ertainly entangled for VN >
N
(
√
2−1)2N−1+N . Our paper [74℄ shows that for this interval
of VN noisy W states reveal a violation of Loal Realism in a ertain protool. Namely, we
demand that N − 2 observers perform σ3 measurements on their qubits and obtain +1" as their
results. Suh a result ame with a high probability from the W admixture and with a relatively
low likelihood from the white noise. Thus the overall W-state-to-noise ratio inreases with every
21
projetion. If this ratio is higher than
1√
2
after N − 2 projetions, the state of remaining 2 qubits,
on whih no measurements were made (possessed in many opies), violates a Bell inequality. Using
this protool we have shown that noisy W states lead to a stronger violation of Loal Realism
than noisy GHZ states. For N ≥ 11 we need a smaller admixture of the W state to white noise in
order to violate a Bell inequality than a required amount of the GHZ state. This advantage grows
exponentially with N . For example, for 3 qubits, the threshold for VN is
3
4
√
2−1 ≈ 1/1.5523 ≈
0.644212.
More importantly, in [74℄ we show that the maximum of
∑2
a,b,c=1 T
2
abc =
7
3V
2
3 for a ρW,3(V3) or
more generally, (3− 2N )V 2N for an arbitrary value of N . However, we have performed a numerial
optimization to ompare the value of V3, above whih (3.18) is not satised to the one, above
whih (2.15) is violated after the appliation of the protool. We have shown that a pure 3-
qubit W state violates (3.18) by a fator of 1.523 <
√
7
3 ≈ 1.527. Thus there exists an interval
0.6547 ≈
√
3
7 ≤ P3 < 11.523 ≈ 0.657, in whih the ondition (3.23) is not satised, but (3.18) is.
Gisin [39℄ and Gisin and Peres [40℄ have shown that all pure entangled states violate the CHSH
inequality. The general two-qubit state reads
|ψ〉 = c00|00〉+ c01|01〉+ c10|10〉+ c11|11〉. (3.26)
The state is normalized to
∑1
i,j=0 |cij |2 = 1. Now, we an nd a normalized produt state |0′0′〉,
so that the salar produt 〈0′0′|ψ〉 is real and maximal. This implies that 〈1′0′|ψ〉 = 〈0′1′|ψ〉 = 0,
where |1′〉 are orthogonal to |0′〉 in both loal Hilbert spaes. Finally, sine the global phases
determining |1′〉 are yet unset, we an hoose 〈1′1′|ψ〉 to be real and positive. Thus we an rewrite
|ψ〉 as
|ψ〉 = cosα|0′0′〉+ sinα|1′1′〉, (3.27)
with 0 ≤ α ≤ π/4. Suh a proedure is alled the Shmidt deomposition. It aims to minimize the
number of non-zero oeients of a state, or, more generally, a vetor living in a tensor produt
of Hilbert spaes. It an be generalized to any bipartite system, or any number of qubits.
It is simple to argue that the Bloh vetors of (3.27), 〈~σ[1]〉 and 〈~σ[2]〉, have only z-omponents
non-vanishing, T03 = T30 = cos
2 α− sin2 α = cos 2α, and that the orrelation tensor has only three
non-zero elements: T11 = −T22 = 2 cosα sinα = sin 2α, T33 = 1 (see Setion 2.4 for the denition
of Tijs). If we apply (3.22), we get T
2
11 + T
2
33 = 1 + sin
2 2α ≥ 1 and = 1 only for the ase of
a produt state, for whih α = 0. By applying transformation reverse to the ones used in the
Shmidt deomposition this proof an be generalized for all pure entangled states.
Despite the result of Gisin and Peres, one an ask whether the WWWB inequalities, despite
of forming a omplete set of inequalities for N -partite orrelation funtions with two alternative
observables per site, are violated by all pure states. ukowski, Brukner, Laskowski, and Wie±niak
itew1 have shown, this is not the ase. We have studied a family of states, whih, despite of their
obvious non-lassiality, do not violate any of (3.19) inequalities. The family are generalized GHZ
states,
|GHZ(α,N)〉 = cosα|0〉⊗N + sinα|1〉⊗N (3.28)
with α as before. Sarani and Gisin [72℄ have shown that suh states never violate MABK inequal-
ities for sin 2α ≤ 2(1−N)/2 with N > 2. This bound is valid also for WWWB inequalities for odd
N . The non-vanishing elements of the N -partile orrelation tensor are:
T1...1 = −T221...1 = −T212...1 = ... = T22221....1 = ... = sin 2α,
T3...3 =
1 + (−1)N
2
+
1− (−1)N
2
cos 2α. (3.29)
The rst line ontains all the elements with an even number of subsripts 2, rather than 1. Thus
the optimal sums in (3.23) are max{1, 2N−1 sin2 2α} for N odd and max{1+sin2 2α, 2N−1 sin2 2α}
for N even. In the N odd ase a possible hoie is to onsider the xz part of the orrelation
tensor, in whih we have only two non-vanishing elements, T3...3 = cos 2α, T1...1 = sin 2α, thus∑
a,..,n=1,3 T
2
a...n = 1. Alternatively, we an onsider the xy part of the tensor, whih has 2
N−1
22
non-zero elements, all of modulo sin 2α. Taking into aount that 2N−1 sin2 2α is less than 1 for
suiently small α, we have shown that there exist pure entangled states of odd N qubits, whih
never violate any WWWB inequalities.
It is also worthy stressing that for N even the optimal sum is always above 1 (exept for a
trivial ase of a produt state). For the purposes of the demonstration of this statement, let us
fous on the ase of N = 4 desribed in [104℄ and the xz part of Tˆ , whih reads as follows:
Tˆ[xz] = ~e3 ⊗ ~e3 ⊗ ~e3 ⊗ ~e3 + sin 2α~e1 ⊗ ~e1 ⊗ ~e1 ⊗ ~e1. (3.30)
First, let three of the observers rotate their oordinate systems by π/4 around the y-axis. Then
the orrelation subtensor takes a form of
Tˆ ′[xz] = 2
−3/2 ((~e ′1 + ~e
′
3)⊗ (~e ′1 + ~e ′3)⊗ (~e ′1 + ~e ′3)⊗ ~e ′3
+ sin 2α(~e ′1 − ~e ′3)⊗ (~e ′1 − ~e ′3)⊗ (~e ′1 − ~e ′3)⊗ ~e ′1) . (3.31)
Next, we replae the elements of the tensor with their moduli:
Tˆ ′mod[xz] = 2
−3/2(~e1′ + ~e3′)⊗ (~e1′ + ~e3′)⊗ (~e1′ + ~e3′)⊗ (sin 2α~e1′ + ~e3′). (3.32)
Finally, rst three observers shall perform suh transformations that ~e1
′′ = 1√
2
(~e1
′ + ~e3′) and the
fourth observer should dene ~e1
′′
as
1√
1+sin2 2α
(sin 2α~e1
′ + ~e3′). The tensor has now only one non-
zero entry:
Tˆ′′mod[xz] =
√
1 + sin 2α~e1
′′ ⊗ ~e1′′ ⊗ ~e1′′ ⊗ ~e1′′. (3.33)
Applying (3.24) to (3.33) we see that at least one of WWWB inequalities is violated by all suh
states for 0 < α ≤ π/4. The same argument an be applied for more qubits. The inequality, whih
is always violated a generalized CHSH inequality:〈
(A
[1]
1 +A
[1]
2 )
N∏
k=2
A
[k]
1 + (A
[1]
1 −A[1]2 )
N∏
k=2
A
[k]
1
〉
≤ 2. (3.34)
The two dierent behaviors, for N odd and even, are related to an interpretation of∑2
a,..,n=1 T
2
a...n. Following [20℄ we argue that this sum an be understood as the amount of informa-
tion stored in some of orrelations between the qubits. This interpretation is justied by the fat
that when we measure an observable A with two outomes, ±1", whih have equal degeneraies,
1−∆2(A) = 〈A〉2 is equal to 1 in the ase of one of the results ourring deterministially, and 0
when both results our with equal probabilities. The rst situation would suggest that we have
learned one bit of information about the system
7
. Produt states, and hene their statistial mix-
tures, annot ontain more than one bit enoded in these orrelations. Thus if the ondition (3.23)
is not met, the presene of entanglement is immediately implied. In suh a ase, it is possible, but,
as we have mentioned, not neessary, to violate Bell inequalities.
3.7 WZLPB Inequalities
A natural way of extending the set of known Bell expressions is to onsider more than two
observables per site. An example of suh an inequality was given for three qubits by Wu and
Zong in [96℄. The inequality given therein utilizes four alternative measurements for two of three
observers and two measurements of the third one. A generalization of the inequality from [96℄
was demonstrated by Laskowski, Paterek, ukowski, and Brukner [59℄. They have notied that for
LHV models both the expressions,
A12,S1 =
∑
k1,l1=1,2
S1(k1, l1)(A
[1]
1 + (−1)k1A[1]2 )(A[2]1 + (−1)l1A[2]2 ) (3.35)
7
We need to stress, however, that it is ruial that the degeneraies are equal. Consider an extreme ase, in whih
+1" appears muh more often in the spetrum of A than −1". For a maximally mixed state, whih obviously
ontains no information, 〈A〉 would then be lose to 1.
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and
A34,S2 =
∑
k2,l2=1,2
S2(k2, l2)(A
[1]
3 + (−1)k2A[1]4 )(A[2]3 + (−1)l2A[2]4 ), (3.36)
are always equal to ±4, similarly to A[i]j being equal to ±1. Thus a new three-qubit inequality an
be derived in a following way:
|〈A12;12,34〉|
=
∣∣∣〈∑k,l=1,2 S(k, l)(A12,S1 + (−1)kA34,S2)(A3[1] + (−1)lA[3]2 )〉∣∣∣ ≤ 16. (3.37)
Sine any of the sign funtions S1, S2, S an have one of 2
4 = 16 forms, (3.37) stands for
(
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inequalities. If none of S, S1, S2 is fatorisable with respet to (−1)k, (−1)l,; (−1)k1 , (−1)l1 , or
(−1)k2 , (−1)l2 , respetively, the inequalities are equivalent to∣∣∣〈(A[1]1 (A[2]1 +A[2]2 ) +A[1]2 (A[2]1 −A[2]2 ))(A[3]1 + A[3]2 )+
(A
[1]
3 (A
[2]
3 +A
[2]
4 ) +A
[1]
4 (A
[2]
3 −A[2]4 ))(A[3]1 −A[3]2 )
〉∣∣∣ ≤ 16, (3.38)
whih was found in [96℄. If S1 or S2 is the only fatorisable funtion under the onsideration, we
get an inequality equivalent to (3.38) with A
[1]
1 = A
[1]
2 or A
[1]
3 = A
[1]
4 . In other ases, as well as if,
for example, A
[1]
1 = A
[1]
3 , A
[1]
2 = A
[1]
4 , A
[2]
1 = A
[2]
3 , A
[2]
2 = A
[2]
4 , the expression already belongs to the
set (3.19).
It is now possible to extend the derivation to more qubits, for examlpe, for N = 4:
|〈A12;;12;12,34;;34;56,78〉|
=
∣∣∣〈∑2k,l=1 S(k, l)(A12;12,34 + (−1)kA34;56,78)(A[4]1 + (−1)lA[4]2 )〉∣∣∣ ≤ 16. (3.39)
We thus obtain a series of N -qubit Bell inequalities, in whih the last observer hooses from 2
apparatus settings, and the previous has twie as many as the next one, exept the rst two, who
both have a hoie of 2N−1 settings.
We reall that for WWWB inequalities we hose the sum and the dierene of the two vetors
dening a pair of observables for eah observer to be proportional to ~e1
[k]
an ~e2
[k]
. The same
an be now done for the vetors of the last observer. The mean value of the Bell operator is then
expressed as two terms, dependent on disjoint set of observables of all other observers. Thus suh a
proedure an be applied for the next observer, with independently hosen loal Cartesian systems
in eah term. Repeating the reasoning from Setion 3.5 we nally reah the neessary and suient
ondition for a state to satisfy the inequality. For the three-qubit inequality (3.38) it reads
2∑
a,b=1
T 2ab1 +
2∑
a,b=1
(T ′ab2)
2 ≤ 1. (3.40)
Carol's oordinate system is the same in both therms. Cartesian bases of Alie and Bob for the
seond term may be hosen dierent from those for the rst one. The analogous ondition for a
state to satisfy (3.39) reads∑
a,b=1,2
T 2ab11 +
∑
a,b=1,2
T ′2ab12 +
∑
a,b=1,2
T ′′2ab21 +
∑
a,b=1,2
T ′′′2ab22 ≤ 1. (3.41)
In any of the four terms the two rst experimenters are allowed to arbitrarily hoose their oordinate
systems, individually for eah term. The third observer has one Cartesian basis for the rst two
terms and some other for the other two. The forth works in a xed oordinate system in all four
terms.
Importantly, onditions (3.40), (3.41), and similar ones we would obtain for more qubits are
neessary and suient. Thus the WZLPB inequalities are violated by noisy W states (3.25) for
any VN > 1/
√
3− 2N , unlike in the ase of WWWB inequalities.
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All generalized GHZ states onsidered in [104℄ violate the WZLPB inequalities for α 6= 0,
also for N odd. To show that, let the observables of the last observer be cos θ1σ
[N ]
3 ± sin θ1σ[N ]1 .
Now, only suh elements of the N -partile orrelation tensor enter the ondition for satisfying or
violating the inequality, whih have the last subsript equal to 1 or 3. In the rst ase all others
should hoose observables in suh a way that the ondition is entered by the elements of the tensor,
for whih the subsript “2” appears an even number of times, while the remaining subsripts are
“1”, e.g. T11...1 or T2211...1. Sine the value of the last index is xed, there is 2
N−2
suh terms, eah
equal to ± sin 2α. The total ontribution of these elements to the sum is at most 2N−2 sin2 2α. If
the last subsript is equal to 3, the rest of observers should ensure that T 23...3 = cos
2 2α enters the
ondition. The total sum would then be 1 + (2N−2 − 1) sin2 2α > 1.
3.8 Convex Hull Problem
As rst onsidered by Froissart [36℄, Bell inequalities dene hyperplanes in a statistial spae
8
.
In between all these hyperplanes for a given experimental setup there is a onvex polytope
9
. This
polytope ontains all possible statistial distributions whih an be explained with LHVs. This
makes reasonable to ask two following questions about Bell inequalities.
The rst one is Is the family, to whih a Bell inequality belongs, omplete?". That is, if the
family ompletely bounds the polytope of LHV statistis in its most ompat form. The answer
to this question depends on the dimensionality of the statistial spae. For example, WWWB
inequalities are omplete when eah observer an hoose between only two measurements, but, as
we have shown, there are physial probability distributions, whih satisfy the inequalities (in this
ase, belong to the polytope), but violate WZLPB inequalities.
The other problem that an be addressed is whether or not a given inequality is tight
10
.
The original Bell theorem (see Setion 2.4) states only that there exist experiments, quantum-
mehanial results of whih annot be explained within Loal Realism. For the purposes of the
falsiation of LHV-based theories it is enough to nd any hyperplane, whih separate any phys-
ially aessible point of the statistial spae from the polytope of statistis explainable by LHV.
However, for the sake of deteting of useful entanglement in as many states as possible, we need
to nd optimal, or in other words, tight Bell inequalities. The onditions for tightness are that the
hyperplane ontains at least D extreme points of the polytope and that the whole its interior lies
at the same side of the hyperplane. D stands for the dimensionality of the spae. This problem is
alled onvex hull problem. It is thus the usual proedure to nd tight Bell inequalities: to nd a
set of the extreme points of the LHV-permitted polytope, and then to list hyperplanes ontaining
of D of them, whih do not interset the interior. Suh lists were given, for instane, by Pitowsky
and Svozil [69℄, liwa [78℄, and Collins et al. [27℄. It also turns out that [6, 23, 24, 5, 103, 59℄ are
also elegant, yet unonsious, derivations of inequalities optimal in this sense.
Out of many examples from [69℄, let us give the one for two qubits and two events per site,
denoted as A1, A2, B1, B2. A point of the statistial spae is desribed by 8 probabilities arranged
to a vetor:
(P (A1), P (A2), P (B1), P (B2), P (A1, B1), P (A1, B2), P (A2, B1), P (A2, B2)).
8
By a statistial spae we shall mean a real vetor spae with omponents given by probabilities of ertain events
(then the spae is referred to as a probability spae) or mean values of ertain operators (as we will onsider produts
of loal observables, this will be alled a orrelation spae or a mean values spae).
9
A polytope is a nite region of a hyperspae bounded by a nite number of faes. The word polytope" loses
a sequene of notions point, line segment, polygon, polyhedron,...".
10
A tight inequality denes a hyperplane, whih atually ontains a fae of the polytope.
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Loal realisti theories desribe sixteen points of this spae:
(1, 1, 1, 1, 1, 1, 1, 1), (1, 1, 1, 0, 1, 0, 1, 0),
(1, 1, 0, 1, 0, 1, 0, 1), (1, 1, 0, 0, 0, 0, 0, 0),
(1, 0, 1, 1, 1, 1, 0, 0), (1, 0, 1, 0, 1, 0, 0, 0),
(1, 0, 0, 1, 0, 1, 0, 0), (1, 0, 0, 0, 0, 0, 0, 0),
(0, 1, 1, 1, 0, 0, 1, 1), (0, 1, 1, 0, 0, 0, 1, 0),
(0, 1, 0, 1, 0, 0, 0, 1), (0, 1, 0, 0, 0, 0, 0, 0),
(0, 0, 1, 1, 0, 0, 0, 0), (0, 0, 1, 0, 0, 0, 0, 0),
(0, 0, 0, 1, 0, 0, 0, 0), (0, 0, 0, 0, 0, 0, 0, 0),
and the omplete set of inequalities reads
0 ≤ P (Ai, Bj) ≤ P (Ai), P (Bj) ≤ 1, (3.42)
−1 ≤ P (A1B1) + P (A1B2) + P (A2B1)− P (A2B2)− P (A1)− P (B1) ≤ 0,
(3.43)
−1 ≤ P (A1B2) + P (A1B1) + P (A2B2)− P (A2B1)− P (A1)− P (B2) ≤ 0,
(3.44)
−1 ≤ P (A2B1) + P (A2B2) + P (A1B1)− P (A1B2)− P (A2)− P (B1) ≤ 0,
(3.45)
−1 ≤ P (A2B2) + P (A2B1) + P (A1B2)− P (A1B1)− P (A2)− P (B2) ≤ 0,
(3.46)
i, j = 1, 2. The neessary and suient riterion for a point to be in agreement with Loal Real-
ism is that it satises all these inequalities. (3.42) are trivial inequalities, whih dene properties
of probabilities, whereas (3.43), (3.44), (3.45), and (3.46) are Clauser-Horne inequalities, equiva-
lent to (2.25). However, permitting observers to onsider three events leads to more ompliated
inequalities given in [69℄.
3.9 Tight Bell Inequalities with up to Three Settings per Site
It is important to stress that the approah of onvex hull to the problem of nding Bell inequal-
ities is suitable for both the probability spae and the orrelation spae. Derivations of Pitowsky
and Svozil [69℄ were made for probabilities, whereas ukowski [102℄ attempted to nd tight in-
equalities by a diret analysis of the polytope spanned in the orrelation spae. The subjet of his
interest was a situation, in whih eah of N observers hooses between three dihotomi observables
with usual outomes, “± 1”.
For the sake of illustrating the problem ukowski onsiders the ase of N = 1 thus working in
the spae of vetors built of mean values of observables A
[1]
0 , A
[1]
1 , and A
[1]
2 . The inequalities found
for N = 1 annot be interpreted as Bell inequalities, sine tho whole physially allowed fragment
of the spae is also per denition aessible with loal hidden variables.
An elementary event is that measurements of the three observables give results a
[1]
0 , a
[1]
1 , a
[1]
2 ,
respetively. The probability of suh an event shall be denoted as P (a
[1]
0 , a
[1]
1 , a
[1]
2 ). The mean value
vetor shall be dened as
~E =
∑
a
[1]
0 ,a
[1]
1 ,a
[1]
2 =±1
(a
[1]
0 , a
[1]
1 , a
[1]
2 )P (a
[1]
0 , a
[1]
1 , a
[1]
2 ). (3.47)
The polytope is a ube, faes of whih onnet the following quadruples of points (a, b = ±1):
(1, a, b), (−1, a, b), (a, 1, b),
(a,−1, b), (a, b, 1), (a, b,−1).
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For a given fae any three verties form a omplete linearly independent set in ℜ3, however, vetors
of this set are not orthogonal. Any other vetor belonging to the spae an be uniquely expressed
as a linear ombination of the three. In partiular, the fourth vetor of the fae an be deomposed
to the rst three with oeients of moduli 1 and whih add up to 1. For example,∑
a,b=±1
ab(1, a, b) = (0, 0, 0). (3.48)
More generally, we reall the fat from Analyti Geometry that a hyperplane in aD-dimensional
spae whih does not ross the origin of the oordinate system, is dened by D linearly independent
vetors. All other vetors whih point the hyperplane are suh linear ombinations of the initial
vetors, that the expansion oeients add up to 1. Rephrasing this fat expliitly, we take a
omplete set of D lineary independent vetors, {~ri}Di=1. A hyperplane is a dened as a set of all
suh vetors ~r =
∑D
i=1 ~riti, that
∑D
i=1 ti = 1.
Now, to get more intuition on the problem for more ompliated ases, ukowski suggests to
onsider three randomly hosen verties of the ube. If these three verties belong to the same fae
of the ube, the fourth vertex at the plane an be expressed as a linear ombination of the three
with oeients adding up to 1.
In the other ase, the three vetors are linearly independent, but do not form a fae. Thus
there must exist a pair, ~v and −~v, suh that its elements lie at two sides of the hyperplane. The
hyperplane uts the polytope through.
The last possibility is that the three vetors do not establish a omplete set. Thus there are
vetor ~v and −~v whih are not expressible by the trio. Moreover, suh a trio must onsist of a pair
~v ′ and −~v ′, thus the hyperplane also uts the ube through.
Finally, ukowski presents the following orollary. If one builds a non-orthonormalized basis
out of three vetors representing the verties of the polytope, whih denes its fae, all other
verties are desribed by onvex ombinations of basis vetors with oeients equal to ±1.
Let us dene the analogous problem for two qubits. The orrelation spae is desribed by a
orrelation matrix,
Eˆ =
∑
a
[1]
0 ,a
[1]
1 ,a
[1]
2 =±1
∑
a
[2]
0 ,a
[2]
1 ,a
[2]
2 =±1
(a
[1]
0 , a
[1]
1 , a
[1]
2 )⊗ (a[2]0 , a[2]1 , a[2]2 )P (a[1]0 , a[1]1 , a[1]2 ; a[2]0 , a[2]1 , a[2]2 ).
(3.49)
We thus work in a nine-dimensional orrelation spae and the polytope is spanned between 25 = 32
verties
11
. We an always divide all the vetors representing them into two groups in suh a way
that one element out of eah pair {~v i,−~v i} belongs to one group, and the other to the seond. In
eah suh group out of 16 vetors we an hoose 9 vetor forming a omplete set. Whih suh sets
then dene a fae of the polytope?
ukowski now noties Fat 1. He onsiders a randomly hosen omplete basis of vetors {~v i}9i=1
and takes an assumption that there exists seven more vetors, whih have the expansion oeients
summing up to 1. Thus these sixteen vetors onstitute one hyperplane. ukowski now aims to
prove that no other vertex belongs to the hyperplane and all of them lie at the same side of it.
Proof: The neessary and suient ondition for a vetor ~x to be part of the orresponding
hyperplane is that the quantity
D[~x,~v 1, ..., ~v 9] = det


1 x1 x2 ... x9
1 v11 v
1
2 ... v
1
9
...
1 v91 v
9
2 ... v
9
9

 (3.50)
is equal to 0. Moreover, D[~x,~v 1, ..., ~v 9] is always positive at one side of the hyperplane an negative
the other.
11
Having in total six measurements, one might expet to have 26 = 64 verties. Please note, however, that
(a
[1]
0 , a
[1]
1 , a
[1]
2 )⊗ (a
[2]
0 , a
[2]
1 , a
[2]
2 ) = (−a
[1]
0 ,−a
[1]
1 ,−a
[1]
2 )⊗ (−a
[2]
0 ,−a
[2]
1 ,−a
[2]
2 ), and thus their number is dereased by
a fator 2.
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The vertex ~v0, whih is from outside the hyperplane is either given by −~v k(k = 1, ..., 9) or∑9
k=1 tk~v
k
with
∑9
k=1 tk = −1. In either ase, we an add suh a linear ombinations of rows 2
to 10 to the rst row that only its rst entry is 2, while the rest of them vanishes. It is then lear
that
D[~v 0, ~v 1, ..., ~v 9] = 2d[~v 1, ~v 2, ..., ~v 9] (3.51)
with
d[~v 1, ..., ~v 9] = det

 v11 ... v19... ...
v91 ... v
9
9

 . (3.52)
QED.
Fat 2 states that plane ontaining both ~v and −~v ontains also ~0 = (~v + (−~v))/2.
Fat 3 is that oeients of expansion of any vetor in a non-orthonormal basis are integers.
In fat, we an show that in our ase these oeients are ±1 or 0.
Proof: let us hoose 9 basis vetors as (1, a′, b′) ⊗ (1, c′, d′) where a′, b′, c′, d′ = ±1, but never
(a′, b′) = (1, 1) or (c′, d′) = (1, 1). Now, we use (3.48) to obtain 6 more verties:
(1, 1, 1)⊗ (1, c′, d′) =
∑
(a′,b′) 6=(1,1)
(1, a′, b′)⊗ (1, c′, d′), (3.53)
(1, 1, 1)⊗ (1, b′, a′) =
∑
(c′,d′) 6=(1,1)
(1, a′, b′)⊗ (1, c′, d′), (3.54)
and the 16th one:
(1, 1, 1)⊗ (1, 1, 1) =
∑
(a′,b′),(c′,d′) 6=(1,1)
(1, a′, b′)⊗ (1, c′, d′). (3.55)
Sixteen other vetors are obtained by a global sign ip. For a set of nine in whih other pairs of
(a′, b′) or (c′, d′) being exluded, a similar argument an be presented. If a hoie of nine is more
ompliated, yet the set is omplete, it is suient to use transformations inverse to (3.53), (3.54),
and (3.55), oeients of whih are also ±1 or 0. Applying these transformations one more, we
see that all oeients must be integers. QED.
Finally, assume that we have found a hyperplane ontaining between 9 and 15 verites, i. e.,
there exists a pair of vetors, ~v 0 and −~v 0, neither of whih ends at the hyperplane. Fat 4 is that
they lie at two opposite sides of the hyperplane and the latter annot dene a fae of a polytope.
Proof: obviously, we an expand ±~v0 = ±∑9k=1 tk~v k. By adding an appropriate ombination
to the rst row of the matrix used to ompute (3.50) we get
D[±~v 0, ~v 1, ..., ~v 9] = 1∓
9∑
k=1
tkd[~v
1, ..., ~v 9]. (3.56)
The previous proof showed that all oeients are integers. It is, moreover, easy to argue that
they must add up to an odd integer. Sine it is impossible that
∣∣∣∑9k=1 tk∣∣∣ = 1, D has dierent
signs for ~v 0 and −~v 0. The hyperplane must ut the interior through. We hene onlude that all
faes of the polytope ontain exatly 16 verties. QED.
The Bell inequalities will be given by
±D[Eˆ, ~v 1, ..., ~v 9] ≤ 0, (3.57)
where the global sign is to be determined
12
, and {~v k}9k=1 are 9 of 16 vetors dening a hyperplane,
whih has the properties emerging from the desribed fats and ontains a fae of the polytope.
Now, we are only left with the problem of nding valid sets of verties. One suh set is ertainly
{(1, a, b)⊗(1, c, d)}a,b,c,d=±1. Other sets, laims ukowski, are given by S(a, b, c, d)(1, a, b)⊗(1, c, d),
12
Certainly, the maximally mixed state,
1
23
1 23×23 , whih arries no information, satises all Bell inequalities.
The global sing of the left-hand side of (3.57) shall be hene hosen the opposite as of d[~v1, ..., ~v9].
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with a sign funtion S(a, b, c, d) suh that
∑
a,b abS(abcd) =
∑
c,d cdS(a, b, c, d) = 0. This also
guaranties that, e.g.,
∑
abc abcS(a, b, c, d) =
∑
a,b,c,d abcdS(a, b, c, d) = 0. The expliit form of the
sign funtion is
S(a, b, c, d) = X +Aa+Bb+ Cc+Dd+ Eac+ Fad+Gbc+Hbd, (3.58)
where X, ...,H are onstants.
Proof: let us hoose the basis as S(a′, b′, c′, d)(1, a′, b′) ⊗ (1, c′, d′), with ases (a′, b′) = (1, 1)
and (c′, d′) = (1, 1) exluded.
For the beginning, let us onsider a onstant sign funtion. The remaining 7 verties belonging
to the fae are obtained from (3.48), and therefore the oeients of expanding (1, 1, 1)⊗ (1, c′, d′)
and (1, a′, b′) ⊗ (1, 1, 1) add up to −∑(a′,b′) 6=(1,1) a′b′ = −∑(c′,d′) 6=(1,1) c′d′ = 1. Eventually,
(1, 1, 1)⊗ (1, 1, 1) =∑(a′,b′) 6=(1,1)∑(c′,d′) 6=(1,1) a′b′c′d′(1, a′, b′)⊗ (1, c′, d′) = 1.
We will now generalize these onsiderations for an arbitrary sign funtion. When S(a, b, c, d) is not
onstant, we anel its ation by putting it into the oeients:
S(1, 1, c′, d′)(S(1, 1, c′, d′)(1, 1, 1)⊗ (1, c′, d′))
=
∑
(a′,b′) 6=(1,1) a
′b′S(a′, b′, c′, d′)(S(a′, b′, c′d′)(1, a′, b′)⊗ (1, c′, d′), (3.59)
S(a′, b′, 1, 1)(S(a′, b′, 1, 1)(1, a′, b′)⊗ (1, 1, 1))
=
∑
(c′,d′) 6=(1,1) c
′d′S(a′, b′, c′, d′)(S(a′, b′, c′d′)(1, a′, b′)⊗ (1, c′, d′), (3.60)
S(1, 1, 1, 1)(S(1, 1, 1, 1)(1, 1, 1)⊗ (1, 1, 1))
=
∑
(a′,b′) 6=(1,1)
∑
(c′,d′) 6=(1,1) a
′b′c′d′S(a′, b′, c′, d′)(S(a′, b′, c′d′)(1, a′, b′)⊗ (1, c′, d′).
(3.61)
Thus the sums of the oeients of the expansion are given by
−S(1, 1, c′, d′)∑(a′,b′) 6=(1,1) a′b′S(a′, b′, c′, d′) = S(1, 1, c′, d′)2 = 1, (3.62)
−S(a′, b′, 1, 1)∑(c′,d′) 6=(1,1) c′d′S(a′, b′, c′, d′) = S(a′, b′, c, d)2 = 1, (3.63)
−S(1, 1, 1, 1)∑(a′,b′) 6=(1,1)∑(c′,d′) 6=(1,1) a′b′c′d′S(a′, b′, c′, d′) = S(1, 1, 1, 1)2 = 1,
(3.64)
where these identities follow from (3.48) and (3.58).
ukowski next onsiders a sign funtion σ(a′, b′, c′, d′) whih does not have the form of (3.58).
In partiular, let us fous on the ase of
∑
(c′,d′) 6=(1,1) c
′d′σ(a′, b′, c′, d′) = xσ(a′, b′, 1, 1), x 6= −1.
This means that either x = 1 or x = ±3. As the relation∑
(c′d′) 6=(1,1) c
′d′σ(a′, b′, c′, d′)(σ(a′, b′, c′, d′)(1, a′, b′)⊗ (1, c′, d′))
= −σ(a′, b′, 1, 1)(σ(a′, b′, 1, 1)(1, a′, b′)⊗ (1, 1, 1)) (3.65)
holds, the sum of the expansion oeients is
−
∑
(c′,d′) 6=(1,1)
c′d′σ(a′, b′, c′, d′)σ(1, 1, c′, d′) = −xσ(a′, b′, 1, 1)2 = −x 6= 1, (3.66)
i. e., the hyperplane does not ontain the vertex. QED.
The Bell inequalities in the form of (3.57) look ompliated, not suitable for diret appliations.
The equivalent form for the ase of two qubits and three observables per qubit is∑
a,b,c,d=±1
S(a, b, c, d)Eˆ · (1, a, b)⊗ (1, c, d) ≤ 24, (3.67)
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or, more expliitly, ∑
a,b,c,d=±1 S(a, b, c, d)
×(E00 + aE10 + bE20 + cE01 + dE02 + acE11 + adE12 + bcE21 + bdE22)
≤ 24, (3.68)
or, using (3.58),
XE00 + CE01 +DE02
+ AE10 + EE11 + FE12
+ BE20 +GE21 +HE22 ≤ 1, (3.69)
where Eij = 〈A[1]i A[2]j 〉.
Suh a form of the inequality an be straight-forwardly generalized for more ompliated ases,
like N qubits, or more observables per site.
3.10 Expliit Form of Inequalities [93℄
ukowski [102℄ has presented a general method to nd tight Bell inequalities, but never gave
the inequalities in their expliit form. The problem was thus brought under further analysis by
Wie±niak, Badzi¡g, and ukowski in [93℄. The paper aims to show a method of building a sign
funtion.
We shall start with the ase of N = 2 For ompleteness of the analysis we rst need to redene
the sign funtion. In the disussed ase, instead of two, let S be dependent on three signs per
observer, so that (3.68) has the form
1
26
∑
s
[1]
0 ,s
[1]
1 ,s
[1]
2 =±1
∑
s
[2]
0 ,s
[2]
1 ,s
[2]
2 =±1
S(s
[1]
0 , s
[1]
1 , s
[1]
2 ; s
[2]
0 , s
[2]
1 , s
[2]
2 )

 2∑
i,j=0
s
[1]
i s
[2]
j Eij

 ≤ 1, (3.70)
and the disrete Fourier transform (up to a multipliative onstant) of the sign funtion is equal
to
S(s
[1]
0 , s
[1]
1 , s
[1]
2 ; s
[2]
0 , s
[2]
1 , s
[2]
2 ) =
2∑
i,j=0
gijs
[1]
i s
[2]
j . (3.71)
Coeients gij are equal to
gij =
1
26
∑
s
[1]
0 ,s
[1]
1 ,s
[1]
2 =±1
∑
s
[2]
0 ,s
[2]
1 ,s
[2]
2 =±1
S(s
[1]
0 , s
[1]
1 , s
[1]
2 ; s
[2]
0 , s
[2]
1 , s
[2]
2 )s
[1]
i s
[2]
j (3.72)
so that (3.70) an by shortly written as
2∑
i,j=0
gijEij ≤ 1. (3.73)
Let us onentrate on the properties of the oeients. We start with dening funtions, whih
we shall all deltas of some order. First order delta with respet to s
[1]
i is given by
∆
s
[1]
i
=
S(s
[1]
i = 1)− S(s[1]i = −1)
2
. (3.74)
Sine for any given ombination of all other signs the sign funtion may, or may not ip, ∆
s
[1]
i
takes values of ±1 or 0. Similarly, we dene seond order delta with respet to s[1]i and s[2]j :
∆
s
[1]
i s
[2]
j
=
∆
s
[1]
i
(s
[2]
j = 1)−∆s[1]i (s
[2]
j = −1)
2
. (3.75)
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Under the ip of s
[2]
j ∆s[1]i
an remain unhanged, or hange between ±1 and 0 or between 1 and
−1. Thus possible values of a seond-order deltas are 0,± 12 ,±1. In general kth order deltas an
take values between −1 and 1, whih are multiples of 21−k.
The other obvious thing about deltas is that for N qubits Nth order deltas are oeients of
the Fourier transform of the sign funtion. The higher order deltas an be thus reonstruted by
∆
s
[1]
i
= ∆
s
[1]
i s
[2]
0
s
[2]
0 +∆s[1]i s
[2]
1
s
[2]
1 +∆s[1]i s
[2]
2
s
[2]
2 = gi0s
[2]
0 + gi1s
[2]
1 + gi2s
[2]
2 (3.76)
and
S(s
[1]
0 , s
[1]
1 , s
[1]
2 ; s
[2]
0 , s
[2]
1 , s
[2]
2 ) = ∆s[1]0
s
[1]
0 +∆s[1]1
s
[1]
1 +∆s[1]2
s
[1]
2 . (3.77)
Other fats, whih would be helpful in onstruting valid sign funtions, are∣∣∣∣∣∣
2∑
i,j=0
gij
∣∣∣∣∣∣ = 1 =
2∑
i,j=0
g2ij . (3.78)
The rst equality follows from Fat 4 from [102℄ that eah fae of the polytope ontains 16 ver-
ties. The seond is a onsequene of Parseval's theorem, whih states that the Fourier transform
preserves the Eulidean norm of the transformed objet. Sine the norm of any sign funtion is∑
s
[1]
0 ,s
[1]
1 ,s
[1]
2 =±1
∑
s
[2]
0 ,s
[2]
1 ,s
[2]
2 =±1
S(s
[1]
0 ; s
[1]
1 , s
[1]
2 , s
[2]
0 ; s
[2]
1 , s
[2]
2 )
2 = 64, (3.79)
also its norm in the Fourier piture must be onstant. We have dropped the fator guarantying
normalization of the Fourier transform, however.
It is easy to onrm that the only non-trivial possibility for rst order delta is
1
2 (s
[2]
i ± s[2]i′ )
with i 6= i′. For simpliity let us take i = 0 and i′ = 1. Any more terms would allow the delta to
exeed 1 for a ertain hoie of signs. Moreover, the norm of suh a delta |∆
s
[1]
k
|2, that is the sum
of squares of all oeients entering the delta, is
1
2 . Thus from (3.78) we onlude that two suh
deltas establish a sign funtion, one with a “ + ” sing, the other with “ − ”. The only non-trivial
sign funtion for two qubits reads
S(s
[1]
0 , s
[1]
1 ; s
[2]
0 , s
[2]
1 ) =
1
2
(s
[1]
0 (s
[2]
0 + s
[2]
1 ) + s
[1]
1 (s
[2]
0 − s[2]1 )), (3.80)
whih represents the CHSH inequality, (2.15). Thus we onlude that for orrelations of two qubits
the polytope is bounded by trivial inequalities
∣∣∣〈A[1]i A[2]j 〉∣∣∣ ≤ 1 and CHSH inequalities.
Let us apply the same method for the ase of three qubits and three observables per site.
Coeients gijk satisfy onditions similar to (3.78) and take values 0,± 14 ,± 12 ,± 34 ,±1. The last
ase, of ourse, orresponds to trivial inequalities and thus it will be skipped in further disussions.
The Bell inequalities take a form ∑
ijk
gijkEijk ≤ 1, (3.81)
where Eijk = 〈A[1]i A[2]j A[3]k 〉.
The following table gives all possible forms of ∆
s
[1]
k
s
[2]
l
. It also gives a list of other ∆
s
[1]
i s
[2]
j
s, a
ertain one an go with in order to reate a valid delta of the rst order (obvious repetitions are
avoided):
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∆
s
[1]
i s
[2]
j
goes with:
1
4 (3(−1)ms
[3]
x + (−1)ns[3]y ) ± 14 ((−1)ms
[3]
x − (−1)ns[3]y )
1
4 (2(−1)ms
[3]
x ± 14 ((−1)ms
[3]
x − (−1)ns[3]y )
+(−1)ns[3]y + (−1)os[3]z ) or
± 14 (2(−1)ms
[3]
x − (−1)ns[3]y − (−1)os[3]z )
or
± 14 (−1)ms
[3]
x − (−1)ns[3]y )
and
± 14 ((−1)ms
[3]
x − (−1)ns[3]y )
1
2 ((−1)ms
[3]
x + (−1)ns[3]y ) alone or with
1
2 ((−1)ms
[3]
x − (−1)ns[3]y )
or
two ± 14 ((−1)ms
[3]
x − (−1)ns[3]y )s
1
2 (−1)ms
[3]
x any one of
± 12s
[3]
x ,± 12s
[3]
y ,± 12s
[3]
z
or
± 14 ((−1)ms
[3]
x + (−1)ns[3]y )
and
± 14 ((−1)ms
[3]
x − (−1)ns[3]y )
or
± 14 ((−1)ns
[3]
y + (−1)os[3]z )
and
± 14 ((−1)ns
[3]
y − (−1)os[3]z )
1
4 ((−1)ms
[3]
x + (−1)ns[3]y ) ± 14 ((−1)ms
[3]
x + (−1)ns[3]y )
or
± 14 ((−1)ns
[3]
y − (−1)os[3]z )
and
± 14 ((−1)ms
[3]
x + (−1)os[3]x )
In the table (x, y, z) is a permutation of (0, 1, 2) and m,n, o = ±1.
Thus any rst order delta belongs (after loal transformations, i. e., permutations of observables
and sign ips) to one of families listed below (we take s
[1]
0 = s
[2]
0 = s
[3]
0 = 1 for a time):
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∆
s
[1]
i
|∆
s
[1]
i
|2
∆0
1
2 (1 + s
[3]
1 + s
[2]
1 (1− s[3]1 ) 1616
∆I
1
4 (−3 + s
[3]
1 + s
[2]
1 (1 + s
[3]
1 ))
12
16
∆II
1
2 (1 + s
[3]
1 )
8
16
∆III
1
2 (1 + s
[2]
1 )
8
16
∆IV
1
2 (1 + s
[2]
1 s
[3]
1 )
8
16
∆V
1
4 (2 + s
[3]
1 + s
[3]
2 + s
[2]
1 (s
[3]
1 − s[3]2 )) 816
∆V I
1
4 (1 + s
[2]
1 )(1 + s
[3]
1 )
4
16
∆V II
1
4 ((s
[3]
1 − s[3]2 ) + s[2]1 (1− s[3]1 ) + s[2]2 (1− s[3]2 )) 616
∆V III
1
4 (2 + s
[3]
1 + s
[3]
2 + s
[2]
1 (1− s[3]1 ) + s[2]2 (1 − s[3]2 )) 1016
∆IX
1
4 (2 + s
[3]
1 + s
[3]
2 + s
[2]
1 (2− s[3]1 − s[3]2 )) 1216
∆X
1
4 (2 + 2s
[3]
1 + (s
[2]
1 + s
[2]
2 )(1− s[3]1 )) 1216
∆XI
1
4 (2 + s
[3]
1 + s
[3]
2 + s
[2]
1 (2− s[3]1 − s[3]2 )) 1216
∆XII
1
4 (2 + s
[2]
1 (s
[3]
1 + s
[3]
2 ) + s
[2]
2 (s
[3]
1 − s[3]2 )) 816
Now, it is a neessary but not a suient ondition that suh a set of rst order deltas enter
the sign funtion, norms of of whih add up to 1. Note that ∆0 is already a sign funtion, whih
represents a CHSH-like inequality:
〈E000 + E001 + E010 − E011〉 ≤ 2. (3.82)
In other ases we need perform suh loal ations (observable permutations and sign ips) on
∆
s
[1]
0
, ∆
s
[1]
1
, and possibly ∆
s
[1]
2
, that together they onstitute a sign funtion.
As we have mentioned, WWWB inequalities, i. e. those, whih utilize no more than two
observables per site, are tight. Thus it should be possible to obtain them from the analysis of the
sign funtion. For example, by using ∆I and ∆IV we an obtain the following sign funtion:
S =
1
4
(−3 + s[3]1 + s[2]1 (1 + s[3]1 )
+ s
[1]
1 (1 + s
[2]
1 )(1 + s
[3]
1 )), (3.83)
and by putting it into (3.81) we have
1
4
(−3E000 + E001 + E010 + E011
+E100 + E101 + E110 + E111) ≤ 1. (3.84)
Taking two ∆IIs or two ∆III we onstrut
S =
1
2
(1 + s
[3]
1
+ s
[1]
1 (1− s[3]1 )), (3.85)
S =
1
2
(1 + s
[2]
1
+ s
[1]
1 (1− s[2]1 ), (3.86)
whih lead to CHSH-like inequalities (3.82). Another possibility given by these deltas is
S =
1
2
(1 + s
[3]
1
+ s
[1]
1 s
[2]
1 (1− s[3]1 ), (3.87)
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whih implies
1
2
(E000 + E001
+E110 − E111) ≤ 1. (3.88)
A ombination of ∆II and ∆III leads to one of Mermin inequalities:
S = 12 (1 + s
[2]
1 s
[3]
1
+ s
[1]
1 (s
[2]
1 − s[3]1 )), (3.89)
1
2 (E000 + E011
+E101 − E110) ≤ 1. (3.90)
This loses the set of WWWB inequalities, at least one of eah kind, for three qubits. Now we
ready to show Bell inequalities for whih at least one observer has a hoie of three observables.
For example, two ∆V s an be arranged into
S =
1
4
(2 + s
[3]
1 + s
[3]
2 + s
[2]
1 (s
[3]
1 − s[3]2 )
+ s
[1]
1 (2− s[3]1 − s[3]2 + s[2]1 (s[3]2 − s[3]1 ))), (3.91)
what expresses the inequality
1
4
(2E000 + E001 + E002 + E011 − E012
+ 2E100 − E101 − E102 − E111 + E112) ≤ 1. (3.92)
This sign funtion an also be a ombination of two ∆XIs or ∆V I and two ∆IXs. Also two ∆XIIs
an be used to onstrut
S =
1
4
(2 + s
[2]
1 (s
[3]
1 + s
[3]
2 ) + s
[2]
2 (s
[3]
1 − s[3]2 )
+ s
[1]
1 (2− s[2]1 (s[3]1 + s[3]2 )− s[2]2 (s[3]1 − s[3]2 )), (3.93)
whih an also be obtained from ∆III and two ∆V Is. After putting into (3.81) it gives
1
4
(2E000 + E011 + E012 + E021 − E022
+ 2E100 − E111 − E112 − E121 + E122) ≤ 1. (3.94)
Let us also onsider a pair of ∆V II and ∆X :
S =
1
4
(2 + s
[3]
1 + s
[3]
2 + s
[2]
1 (1− s[3]1 ) + s[2]2 (1− s[3]2 )
+ s11((s
[3]
1 − s[3]2 ) + s[2]1 (1 − s[3]1 )− s[2]2 (1− s[3]2 ))). (3.95)
With this sign funtion, whih an also be obtained from ∆V and two ∆V Is, we an onstrut an
inequality of a form
1
4
(2E000 + E001 + E002 + E010 − E011 + E020 − E022
+ E101 − E102 + E110 − E111 − E120 + E122) ≤ 1. (3.96)
The last possibility of onstruting a sign funtion is with two ∆V IIs and a ∆V :
S =
1
4
(1 + s
[3]
1 + s
[2]
1 (1 + s
[3]
2 ) + s
[2]
2 (s
[3]
1 − s[3]2 )
+ s
[1]
1 (1− s[3]2 + s[2]1 (1 − s[3]1 )− s[2]2 (s[3]1 − s[3]2 ))
+ s
[1]
2 (s
[3]
1 + s
[3]
2 − s[2]1 (s[3]1 + s[3]2 ))), (3.97)
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whih leads to
1
4
(E000 + E001 + E010 + E012 + E021 − E022
+ E100 − E102 + E110 − E111 − E121 + E122
+ E201 + E202 − E211 − E222) ≤ 1. (3.98)
Interestingly, (3.92), (3.94), and (3.96) are speial forms of (3.38) derived in [96℄. Namely by
hoosing A
[3]
0 = A
[3]
1 we obtain (3.94) and subsequently (3.92) with A
[2]
0 = A
[2]
2 . Finally, we obtain
(3.96) by hoosing A
[2]
0 = A
[2]
2 and A
[3]
0 = A
[3]
1 . Further suh simpliations lead to WWWB
inequalities.
(3.92), (3.94), and (3.96) are also speial ases of the 3 × 3 × 3 inequality, (3.98). (3.92) is
obtained by e.g. A
[1]
0 = ±A[1]2 . With e.g. A[1]0 = ±A[1]1 , we obtain (3.94). By putting e.g.
A
[1]
2 = ±A[1]3 we get (3.96).
It is now interesting to nd onditions on states to satisfy these inequalities. This an be, of
ourse, done in the same fashion as for WWWB and WZLPB inequalities and basing on the fat
explained in the previous paragraph. The sum and the dierene of two normalized vetors are a
pair of observables are two orthogonal vetor. It important to stress that a xed diretion of one of
the original vetors does not fully determine the plane spanned by the pair. However, as observers
hoose fewer observables than in (3.38), the onditions presented below are only suient, but not
neessary. Repeating the argumentation we obtain that (3.40) is a suient ondition for (3.96)
to be satised.
Now, if one of the sign funtions S1, S2 in (3.37) is fatorisable, for example S1(k1, l1) with
respet to (−1)k1 and (−1)l1 , we get (3.94). In suh a ase the ondition reads
T 2111 +
∑
i,j=1,2
(T ′2ij)
2 ≤ 1, (3.99)
where, again, Bob and Charlie an hoose dierent oordinate systems in both terms.
As for (3.92), we an take ~a0
[1] + ~a1
[2] = 2 cosα~e1
[3],~a0
[1] − ~a1[1] = 2 sinα~e2[1],~a1[3] + ~a2[3] =
2 cosγ~e1
[3]
and ~a1
[3] − ~a2[3] = 2 sin γ~e2[3] (~e1 = (1, 0, 0), ~e2 = (0, 1, 0)). After performing neessary
alulations similar to ones from Setion 3.5 we obtain the rst form of the ondition:
(T
(c)
111)
2 + T 2211 + (T
(b)
212)
2 ≤ 1. (3.100)
Supersripts (c) and (b) denote that in these terms Carlie and Bob, respetively, are allowed to
perform arbitrary rotations of oordinate systems in whih the seond term is expressed. Please
note that (3.100) ontains only 3 elements of the orrelation tensor, and thus (3.92) an be violated
at most by a fator
√
3. The three terms an be brought to a ommon basis, sine max(c)(T
(c)
111)
2 =
T 3111 + T
2
112 + T
2
113, and similarly, max(b)(T
(b)
212)
2 = T 3212 + T
2
222 + T
2
232:
T 2211 +
3∑
i=1
(T 211i + T
2
2i2) ≤ 1. (3.101)
3.11 Additional Constraint on Loal Realism [64℄
As we have mentioned in Chapter 2 the theories that are exluded by Quantum Mehanis [6℄
are based on two main assumptions; Realism, whih states that physial systems posses properties,
regardless if already measured, and Loality, whih forbids superluminal eets. Nagata, Laskowski,
Wie±niak, and ukowski [64℄ have onsidered a ase, in whih a loal realist is allowed to onstrut
his theories only under a ondition that the orrelation funtion is a rotationally invariant funtion
of unit vetors dening loal measurements, i.e.,
E(~a1,~a2, ...,~aN ) = Tˆ · (~a1 ⊗ ~a2 ⊗ ...⊗ ~aN ). (3.102)
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This form is independent of partiular hoies of loal oordinate systems, but dependent on mutual
relations between the measuring apparata and the physial system
Let us rst fous on equatorial observables, i. e., those, vetors of whih lie in the xy-plane.
The orrelation funtion is now a funtion of angles, whih determine positions of the vetors and
an be seen as a vetor living in the ℜN spae of real square-integrable funtions. The measure is
then given by dΩ =
∏N
i=1 dφi, and let the salar produt be
(~G, ~H) =
∫ 2π
0
dφ1...
∫ 2π
0
...dφNG(~a
1, ...,~aN )H(~a1, ...,~aN ). (3.103)
We an now utilize fats from Analytial Geometry, espeially the one that if for two vetors
~G, ~H
there exist a vetor
~F , suh that
(~F , ~G) > (~F , ~H), (3.104)
it is ertain that
~G 6= ~H. Now, a Bell inequality an be onstruted by nding suh a funtional, for
whih, for a given state, (~F , ~EQM ) > (~F , ~ELHV ), where ~EQM and ~ELHV are orrelation funtions
permitted by Quantum Mehanis and Loal Realism, respetively. For some state we an take
the quantum-mehanial orrelation funtion as
~F . Thus we annot falsify Loal Realism if the
inequality ∫ 2π
0 ...
∫ 2π
0 E
2
QM (φ1, ..., φN )dφ1...dφN
≤ ∫ 2π
0
...
∫ 2π
0
EQM (φ1, ..., φN )ELHV (φ1, ..., φN )dφ1...dφN (3.105)
is always saturated, independently of the hosen LHV model.
We will now nd the neessary and suient ondition for the violation of the inequality. The
quantum-mehanial orrelation funtion reads
~EQM =
∑2
i1,..,iN=1
Ti1...iN
∏N
k=1 c
ik
k , (3.106)
where cikk = cos(φk − (i − 1)π/2).
{∏N
k=1 c
ik
k
}2
i1,...,iN=1
is a set of mutually orthogonal vetors of
norm πN/2. Thus the left-hand side of (3.105) is ( ~EQM , ~EQM ) = π
N
∑2
a,...n=1 T
2
a..n
In Loal Realism it is suient to onsider funtions in the form
~ELHV (φ1, ...φN ) =
N∏
i=1
I [i](φi). (3.107)
The right-hand side is bounded by a spei number dependent on the orrelation tensor, namely,
( ~EQM , ~ELHV =
∫ 2π
0 dφ1...
∫ 2π
0 dφNELHV
∑
i1,...,iN=1,2
Ti1...iN
∏N
k=1 c
ik
k
≤ 4NTmax, (3.108)
where Tmax is the maximal possible value of EQM in the equatorial planes,
Tmax = max
φ1,...,φN
EQM (φ0, ..., φN ) (3.109)
Let us now argue for this bound. Notie that in (3.108) we deal with a sum of produts of the
integrals
∫ 2π
0
dφiI
[i] cosφi and
∫ 2π
0
dφiI
[i] sinφi with oeients Ti1...iN . Thus only a projetion of
I [i] onto the subspae of normalized vetors 1√
π
cosφi and
1√
π
sinφi is relevant. Any normalized
funtion in that subspae an be written as
cosφ0,i
1√
π
cosφi + sinφ0,i
1√
π
sinφi =
1√
π
cos(φi − φ0,i). (3.110)
As |I [i](φi)| = 1, one has
||I [i]|||| = max
φ0,i
=
∫ 2π
0
dφiI
[i] 1√
π
cos(φ0,i − φi) ≤ 4/
√
π. (3.111)
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Now, sine
1√
π
cosφi and
1√
π
sinφi are orthogonal we have∫ 2π
0
dφiI
[i] cosφi = cosϕi||I [i]|||| (3.112)
and ∫ 2π
0
dφiI
[i] sinφi = sinϕi||I [i]||||, (3.113)
where ϕi is some angle. We now an express ( ~EQM , ~ELHV ) as
( ~EQM , ~ELHV ) = π
N/2
(
N∏
i=1
||I [i]||||
)
2∑
i1,...,iN=1
Ti1...iN
N∏
j=1
d
ij
j , (3.114)
where d
ij
j = cos(ϕj − (ij − 1)π/2). The last expression an be now bounded with (3.109) and
(3.111):
( ~EQM , ~ELHV ) ≤ 4NTmax. (3.115)
Thus the neessary and suient ondition for a violation of (3.105) is
(π
4
)N ∑2
a,...,n=1 T
2
a..n
Tmax
> 1. (3.116)
It is now easy to show that the falsiation of Loal Realism using (3.105) by noisy GHZ states
(3.7), ρ = V |GHZN 〉〈GHZN |+(1−V ) I2N×2N2N (0 ≤ V ≤ 1), is more robust against the admixture
of the white noise than for WWWB inequalities. As we have explained in this Chapter, the latter
are satised if, and in ase of noisy GHZ states only if,
∑
a,...,n=1,2 T
2
a...n ≤ 1. In xy-planes a noisy
GHZ state has 2N−1 non-zero entries of the orrelation tensor, all equal to ±V . The sum is equal
to V 22N−2. From (3.118) and (3.23) we obtain that for 2(2/π)N < V ≤ 2−(N−1)/2 WWWB
inequalities are satised, but (3.105) is violated. Thus the region of V , in whih Loal Realism is
still possible, shrinks exponentially with N . This deay is faster for (3.105) than in ase of MAKB,
WWWB or WZLPB inequalities.
Suh a derivation an generalized to inequalities, whih utilize all possible apparata settings,
when we allow θi 6= π/2. In suh a ase, if all LHV-based models satisfy∫ π
0
sin θ1dθ1
∫ 2π
0
dφ1...
∫ π
0
sin θNdθN
∫ 2π
0
dφN
×E2QM (θ1, φ1, ..., θN , φN )
≤ ∫ π0 sin θ1dθ1 ∫ 2π0 dφ1... ∫ π0 sin θNdθN ∫ 2π0 dφN
×EQM (θ1, φ1, ..., θN , φN )ELHV (θ1, φ1, ..., θN , φN ) , (3.117)
the loal realisti desription annot be falsied. Similarly to the previous ase of the mono-
planar inequalities (3.105) (θi = π/2), we introdue loal bases whih this time are the spheri-
al harmonis, in partiular the three, tensor produts of whih span the subspae of
~EQM are√
3
2π cos θi,
√
3
2π sin θi cosφi,
√
3
2π sin θi sinφi. By an argument similar to the one desribed above
they lead to a neessary and suient ondition for (3.117) to be violated, similar to (3.105):(
2
3
)N ∑3
a,...,n=1 T
2
a...n
Tmax
> 1. (3.118)
This type of inequalities was rst disussed by ukowski [101℄ and Kaszlikowski and ukowski
[56℄ in papers entitled Bell Theorem Involving all Settings of Measuring Apparatus and Bell In-
equalities Involving All Possible Measurements, respetively. Indeed, if one stritly follows (3.105)
or (3.117), observers must perform innitively many experimental runs, at least having their ap-
parata set in xy-planes. However, a orrelation funtion an be reonstruted with 2N (or 3N )
measurement settings. Suh data are enough to for (3.116) (or (3.118)).
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An important thing to be notied is that additional onstraints on Loal Realism lead to a
stronger version of the Bell theorem. In [64℄ we demand that the orrelation funtion is invariant
under all rotations of the Cartesian frame. This assumption leads to Bell inequalities with an
exponential advantage over WWWB and WZLPB inequalities. This advantage is expressed in
terms of the highest maximal violation ratio. One may thus ask what other onstrains are helpful
in falsifying Loal Realism.
A diret appliation of suh inequalities an be more feasible experimentally if the salar produt
(3.103) is dened not as an integral, but on several measurement settings per observer. Some
appliations of suh inequalities are desribed in, e.g., [63℄.
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Chapter 4
Critial Parameters in BJSS sheme
4.1 Proposal of Tan, Walls, and Collett
Most of proposed and performed Einstein-Podolsky-Rosen experiment were based on oherent
orrelations between two (or more) quantum systems. It is worthy to reall that the existene
of entanglement emerges diretly from the priniple of superposition, whih in general does not
require two separate subsystems. It is thus natural to ask whether oherenes of a state of an
individual quantum system an be understood as a sing of entanglement in any situation. Can
suh states violate Bell inequalities in physially feasible experiments? The rst diulty is to
ensure that the superposition is realized in spatial degrees of freedom. Loal superpositions, like
an elliptial polarization of a photon, obviously annot provide spae-like separation. After having
this problem solved by an appropriate unitary transformation, we must deal with super-seletion
rules, whih do not allow us to know a relative phase between omponents of the the states with
dierent numbers of partiles. In the most straight-forward attempt of a realization of a Bell-
like experiment with a single partile the observers an at most detet the partile in one of the
loalizations, but they annot realize any other observables, whih do not ommute with the rst
measurement.
One of the rst artiles onerning this problem is due to Tan, Walls, and Collett [79℄. They
proposed a setup presented in Figure 4.1. It onsists of three balaned beam splitters
1
, BS0, BS1,
and BS2, as well as four detetors, whih are able to determine number of photons deteted within
the exposure time. The ation of BS0 is desribed by(
bˆ1
bˆ2
)
=
1√
2
(
1 i
i 1
)(
uˆ
vˆ
)
, (4.1)
1
A balaned beam splitter transmits and reets every photon with equal probabilities, regardless of the polar-
ization.
Figure 4.1: The sheme of Tan, Walls, and Collett.
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and respetively for BS1 and BS2:(
cˆk
dˆk
)
=
1√
2
(
1 i
i 1
)(
aˆk
bˆk
)
, (4.2)
with k = 1, 2. xˆ is an annihilation operator related to a spatial mode x. u and v are inputs of BS0,
and b1, b2 are its outputs and also inputs of BS1 and BS2. Their other inputs are a1 and a2. The
rest of the symbols denote outputs of BS1 and BS2. Mentioning only the spatial modes we have
assumed that all the signals will have the same frequeny an polarization. The total transformation
realized by the beam splitters an be written as


cˆ1
dˆ1
cˆ2
dˆ2

 =


1√
2
i
2 0 − 12
i√
2
1
2 0
i
2
0 − 12 1√2 i2
0 i2
i√
2
1
2




aˆ1
vˆ
aˆ2
uˆ

 . (4.3)
Tan, Walls, and Collett rst suggest the oherent states of light,
|αeiθk〉 = e−α2/2
∞∑
n=0
(αeiθk)n√
n!
|n〉, (4.4)
(with α real and |n〉 being a normalized Fok state of n photons) to be sent to input hannels a1
and a2 with the vauum in hannels u an v. In suh a ase the mean number of photons registered
by any of the detetors is 〈cˆ†k cˆk〉 = 〈dˆ†kdˆk〉 = 12α2, and the mean produt of the results yielded by
an arbitrary pair of detetors equals to
1
4α
4
. As expeted, there are no orrelations, sine the two
signals never interfere with eah other.
In the next step we introdue a single-photon signal to input u. It is easy to argue that the
mean number of photons registered by a single detetor will be inreased by
1
4 , as the single photon
has equal hanes to propagate to any of the four detetors. Moreover, it interferes at BS1 and
BS2 with the oherent beams, whih implies the following oinidenes of light intensities between
pairs of detetors:
〈Ic1Ic2〉 = 〈Id1Id2〉 ∝ 〈cˆ†1cˆ1cˆ†2cˆ2〉 = 〈dˆ†1dˆ1dˆ†2dˆ2〉 =
1
4
(α2 + α(1 + sin(θ1 − θ2))),
(4.5)
〈Ic1Id2〉 = 〈Id1Ic2〉 ∝ 〈cˆ†1cˆ1dˆ†2dˆ2〉 = 〈dˆ†1dˆ1cˆ†2cˆ2〉 =
1
4
(α2 + α(1 − sin(θ1 − θ2))).
(4.6)
The above relations suggest that the phases of the oherent beams an play a role similar to
apparatus settings in a two-partile Bell experiments. We an now alulate the interferene
visibility aording to the Mihelson formula:
V =
max〈Ic1Id2〉 −min〈Ic1Id2〉
max〈Ic1Id2〉+min〈Ic1Id2〉
, (4.7)
with maxima and minima taken over θ1 and θ2. In the ase of a single photon as the u-input, we
get
VQM =
1
1 + α2
. (4.8)
The lassial analogue of this experiment is a situation, in whih the u-input is not a Fok
state, but also a oherent state |β〉. Then the oinidenes are
〈Ic1Ic2〉 = 〈Id1Id2〉 ∝
1
4
(α4 + α2β2(1 + sin(θ1 − θ2)) + 1
4
β4) (4.9)
〈Ic1Id2〉 = 〈Id1Ic2〉 ∝
1
4
(α4 + α2β2(1− sin(θ1 − θ2)) + 1
4
β4). (4.10)
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These put into (4.7) give
Vcl =
(
α
β
)2
(
α
β
)4
+
(
α
β
)2
+ 14
. (4.11)
The relations (4.8) and (4.11) are enough to argue the non-lassiality of the rst situation.
For very low values of α the term
(
α
β
)4
in the oinidenes is neglible and thus VQM tends to the
unity. On the other hand, in the seond ase oinidenes have terms
1
16β
4
in the denominator,
whih are xed with respet to α and thus the maximum of Vcl =
1
2 is ahieved for α
2 = 12β
2
.
Any value of the visibility above
1
2 thus implies that the eld has no lassial desription. This
is not a question, however, of a possibility of loal hidden variables, whih would allow to model
probabilities of results of measurements, but rather whether an the state be reonstruted using
only oherent states, whih are here seen as lassial.
The analysis is pushed further by dening a orrelation funtion,
− 1 ≤ E(θ1, θ2) = 〈(dˆ
†
1dˆ1 − cˆ†1cˆ1)(dˆ†2dˆ2 − cˆ†2cˆ2)〉
〈(dˆ†1dˆ1 + cˆ†1cˆ1)(dˆ†2dˆ2 + cˆ†2cˆ2)〉
≤ 1, (4.12)
whih an be used in (2.15). After taking into aount the oherent states of modes a1 and a2, as
well as the vauum in v we get
E(θ1, θ2) = −α
2(〈uˆ†uˆ〉 sin(θ2 − θ1) + |〈uˆ2〉| sin(θ1 + θ2 − ξ))
α4 + 〈uˆ†uˆ〉α2 + 14 〈uˆ†2uˆ2〉
, (4.13)
where 〈uˆ2〉 = |〈uˆ2〉|eiξ. When we assume that there is one photon in u the last terms in the
numerator and the denominator vanish, and the orrelation funtion reads E(θ1, θ2) =
sin(θ1−θ2)
1+α2 .
The CHSH inequality an be violated if α ≤
√√
2− 1. If, however, the signal sent to the hannel
u is a oherent state |βeiξ/2〉, we have 〈uˆ†uˆ〉 = |〈uˆ2〉| = β2 and 〈uˆ†2uˆ2〉 = β4. (4.13) funtion
an be then fatorized to E(θ1, θ2) = 8α
2β2 cos(θ1 − ξ/2) sin(θ2 + ξ/2)/(α2 + 2β2)2 and hene no
violation of a Bell inequality is possible.
4.2 Sheme of Björk, Jonsson, and Sánhez-Soto
The idea of Tan, Walls, and Collett started a disussion on the non-lassiality of a single
photon [46, 28, 66, 38℄. An important variant of the original proposal is due to Björk, Jonsson and
Sánhez-Soto (BJSS) [12℄. In their sheme one is interested in probabilities of ertain events, rather
than mean values. This allows to use the CH inequality (2.25), whih turns out to be inequivalent
to the CHSH inequality (2.15).
Let us start with a desription of the experimental setup. In its enter we have a polarizing beam
splitter (PBS), the inputs of whih are denoted by a, b and outputs by c, d. It reets horizontally
polarized (H) light and transmits vertially polarized (V ). The single photon, sent to input a, has
a −45◦ polarization. Its state is thus (aˆ†H − aˆ†V )|Ω〉/
√
2 in front of PBS and (cˆ†H − dˆ†V )|Ω〉/
√
2. The
photon is superposed in two modes, whih are distinguishable spatially, as well as with respet to
the polarization. The other input is used to injet the oherent beam from the loal osillator with
a +45◦ polarization, and the mean photon number 2α2. Behind PBS the state of all four modes
an be written as
|ψ〉 = (eiωτd |0, αeiωτc , 1, αeiωτd〉 − eiωτc |1, αeiωτc , 0, αeiωτd〉) /√2 (4.14)
with mode ordering cH , cV , dV , dH . In the single photon modes we have used the Fok formalism,
whereas the oherent state formalism is applied to the other two modes. The omplex phases
appeared due to a propagation between PBS and the measuring devies for times τc and τd, but
they an be negleted without any loss of generality.
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Figure 4.2: The sheme of Björk, Jonsson, and Sánhez-Soto.
Now, the observers shall try to detet their modes in one of the states
|+, nk, φk〉 = 1√
1 + nkα2
(√
nk
α2
|0, nk〉+ eiφk |1, nk − 1〉
)
. (4.15)
It is worthy noting that the loal vauum in both modes, |0, 0〉, is not overed by these states. The
probability of having suh a state at one side is e−α
2
/2. This is one of main reasons to have α
large, in order to minimize the ourrene of 0-photon states.
We shall begin with demonstrating that in the perfetly realized experiment we an violate
(2.25). A loal projetion onto |+, nk, φk〉〈+, nk, φk| ours with a probability
P+(nk, φk) =
1
1 + nkα2
e−α
2 (α)(nk−1)
(nk − 1)! . (4.16)
These probabilities sum up to P+(φk) =
∑∞
nk=1
P+(nk, φk), and an interferometri relation
P++(φc, φd) = P+(φc)P+(φd)(1 − cos(φc − φd)) (4.17)
holds.
We need to argue in what way these probabilities an be added. P+(φk) ontains a funtion of
a random variable, nk − 1, and a Poisson probability desribing the distribution of this variable.
The only parameter of this distribution is α2, equal to the mean value, the variane, and all higher
umulants of nk − 1. We an easily nd these quantities by treating α2 as a thermodynamial
parameter and taking the partition funtion Z = eα
2
:
〈nk − 1〉 = ∂ logZ∂(α2) = α2, (4.18)
〈(nk − 1)2〉 − 〈(nk − 1)〉2 = ∂
2 logZ
∂(α2)2 = α
2, (4.19)
〈(nk − 1)3〉 − 3〈nk − 1〉〈(nk − 1)2〉+ 2〈nk − 1〉3 = ∂
3 logZ
∂(α2)3 = α
2, (4.20)
...
Let us rst onsider the variane. If α2 is muh larger than the unity, it an be negleted against α4
appearing in the two terms on the left side of (4.19), 〈n2k〉 and 〈nk〉2 (hereafter, we take nk ≈ nk−1
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Figure 4.3: Auraies of approximations (4.21),(4.22),(4.23),(4.24) for x = 1 (left) and x = 0.2
(right). * stands for (1 + x)
∑1000
n=1
e−α
2x
1+ n
α2
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x
∑1000
n=1
e−α
2x
(1+ n
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)
n(α2x)n−1
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∑1000
n=1
e−α
2x
1+ n
α2
(α2x)n
n! .
appearing in averages). It is thus reasonable to assume 〈n2k〉 ≈ 〈nk〉2. Subsequently, we an draw a
similar argument for the third umulant and show that 〈n3k〉 ≈ 〈nk〉3, et.. Thus for any suiently
smooth funtion we an assume 〈f(nk)〉 ≈ f(〈nk〉). In partiular, let us introdue approximations
useful in further onsideration:
∞∑
nk=1
e−α
2x
1 + nkα2
(α2x)nk−1
(nk − 1)! ≈
1
1 + x
(4.21)
∞∑
nk=1
e−α
2x
1 + nkα2
nk(α
2x)nk
α2nk!
≈ x
1 + x
(4.22)
∞∑
nk=1
e−α
2x
1 + nkα2
nk(α
2x)nk−1
α2(nk − 1)! ≈
x
1 + x
(4.23)
∞∑
nk=1
e−α
2x
1 + nkα2
(α2x)nk
nk!
≈ 1
1 + x
(4.24)
The role of x will be laried below. Stritly speaking, in (4.21), (4.22), (4.23), and (4.24)
we demand that α2x, rather than α2, is muh larger than 1. We are interested in the range
0 ≤ x ≤ 1. For the perfet ase of x = 1 the loal probabilities obviously add up to 12 , and due
to the relation (4.17) the inequality (2.25) an be maximally violated, if the hosen phases are
φc = 0, φ
′
c = π/2, φd = π/4, φ
′
d = −π/4. The expression equals 12 (
√
2− 1) > 0.
4.3 Some Possible Imperfetions [92℄
Let us now reprodue the results from [92℄. Having shown that the experiment might be onsid-
ered a valid test against Loal Realism, we an introdue some imperfetions to our onsiderations.
The rst one is the oherene loss. However, sine the oherent state is a superposition of inni-
tively many Fok states, for simpliity we make a onjeture that only the single photon part is
aeted:
1
2 (|0, α, 1, α〉 − |1, α, 0, α〉)(〈0, α, 1, α| − 〈1, α, 0, α|)
→ 12 (|0, α, 1, α〉〈0, α, 1, α|+ |1, α, 0, α〉〈1, α, 0, α|)
− l2 (|0, α, 1, α〉〈1, α, 0, α|+ |1, α, 0, α〉〈0, α, 1, α|). (4.25)
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We all 0 ≤ l ≤ 1 the deoherene parameter. Suh an ation an be justied by lassiality (in
some sense) of a oherent beam, and strong non-lassiality of a single photon.
Another imperfetion we may introdue is the loss of photons during the propagation. Let us
assume that the probability that a photon will reah the measuring devies is η. This eet an
be modeled by putting beam splitters with transmittivities η in hannels c and d and traing out
the reeted modes. Was it possible to design a devie realizing projetions |+, nk, φk〉〈+, nk, φk|
with only one photosensitive element, the transpareny of the hannel would be equivalent to
the detetion eieny of this photosensor, provided that the propagation hannels are perfetly
transparent. The single photon state is stohastially transformed into the vauum in respetive
modes, whereas the amplitude of the oherent part is dereased by a fator
√
η. The whole
transition due to both imperfetions reads
1
2 (|0, α, 1, α〉 − |1, α, 0, α〉)(〈0, α, 1, α| − 〈1, α, 0, α|)→ ρ(l, η)
= (1− η)|0, α√η, 0, α√η〉〈0, α√η, 0, α√η|
+ η2 (|1, α
√
η, 0, α
√
η〉〈1, α√η, 0α√η|+ |0, α√η, 1, α√η〉〈0, α√η, 1, α√η|)
− lη2 (|1, α
√
η, 0, α
√
η〉〈0, α√η, 1, α√η|+ |0, α√η, 1, α√η〉〈1, α√η, 0, α√η|).
(4.26)
The rst line of the right-hand side is the term in whih the single photon is lost, the seond
are diagonal elemenst of the density matrix with single photon not lost, the last are o-diagonal
elements.
Using formulae (4.21) to the vauum part and (4.21),(4.22) to the other part, we obtain
P+(φk) ≈ η(3−η)2(1+η) , (4.27)
P++(φc, φd) ≈
(
η
1+η
)2
(2 − η − l cos(φc − φd)). (4.28)
We now hoose the optimal angles to obtain − cos(φc−φd)− cos(φ′c−φd)− cos(φc−φ′d)+cos(φc−
φd) = 2
√
2. To ompute the dependene between the ritial deoherene parameter and the
ritial hannel transpareny, above whih Loal Realism an be falsied, we set the left-hand side
of (2.25) equal to 0 and put in the omputed probabilities. The obtained equation,
−η3CRIT + 2η2CRIT (1 + lCRIT
√
2)− 3ηCRIT
(1 + ηCRIT )2
= 0, (4.29)
apart from a trivial solution ηCRIT = 0 is satised for
lCRIT =
3− 2ηCRIT + η2CRIT
2
√
2ηCRIT
. (4.30)
Equation (4.30) implies that if oherene is perfetly preserved, the required hannel trans-
pareny is ηCRIT = 1 +
√
2 − 23/4 ≈ 73.4%. This about 0.096 less than the required eieny in
two-photon Bell-type experiments with the maximally entangled state.
The next step of the analysis of the BJSS sheme presented in [92℄ is using the CHSH inequality
(2.15). For this purpose we need to dene a orrelation funtion, whih, depending on loal phases,
would take values between −1 and +1. We an naively do it by assoiating the states |+, nk, φk〉
proposed by Björk, Jonsson, and Sánhez-Soto with outomes +1" of loal observables, whereas
the states |−, nk, φk〉 = 11+nk
α2
(|0, nk〉 − eiφk√nkα |1, nk − 1〉) will orrespond to outomes −1".
Then the orrelation funtion is taken as the mean value of the produt of loal outomes, and
after applying approximations (4.21), (4.22),( 4.23), and (4.24) we get
E(φc, φd) = −η 3− 5η + 2η
2 + 4ηl cos(φc − φd)
(1 + η)2
. (4.31)
After putting (4.31) into (2.15) and optimizing over the angles we obtain the neessary ondition
for the violation,
l > −2η
3 − 6η2 + η − 1
4
√
2η2
, (4.32)
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whih implies that the inequality an be violated only for η ≥ 63.2%, signiantly less than the
value obtained from (4.30). Both results are orret aording to the approximation. However,
together they suggest that the analysis is not omplete. The CHSH inequality is based on the
orrelation funtion, whereas in the CH inequality we utilize loal and global probabilities. This
fat reveals a greater generality of the latter. Thus if there exist a region of an advantage of a
orrelation funtion-based expression over a ertain probability-based one, there must be a set
of CH inequalities, in whih at least one is violated in the region of the violation of the CHSH
inequality.
The CH inequality, the violation of whih turns out to be more robust against the signal
attenuation of the propagation hannels than in the ase shown above, is onstruted with the states
|+, nk, φk〉 being assoiated with the rst events at eah side, whih enter (2.25) and |−, nk, φk〉
with the seond events. In suh a ase, the CH inequality reads
P++(φc, φd) + P+−(φc, φ′d) + P−+(φ
′
c, φd)− P−−(φ′c, φ′d)− P+(φc)− P+(φd) ≤ 0, (4.33)
and probabilities entering (4.33), that have not yet been omputed, are
P−−(φc, φd)
=
∑∞
nc,nd=1
〈−, nc, φc|[c]〈−, nd, φd|[d]ρ(η, l)|−, nc, φc〉[c]|−, nd, φd〉[d]
≈
(
η
1+η
)2
(1− cos(φc − φd)), (4.34)
P+−(φc, φd) = P−+(φc, φd)
=
∑∞
nc,nd=1
〈+, nc, φc|[c]〈−, nd, φd|[d]ρ(η, l)|+, nc, φc〉[c]|−, nd, φd〉[d]
=
∑∞
nc,nd=1
〈−, nc, φc|[c]〈+, nd, φd|[d]ρ(η, l)|−, nc, φc〉[c]|+, nd, φd〉[d]
≈ η2(1+η)2 (3 − 2η + η2 + 2lη cos(φc − φd)) . (4.35)
Altogether, after optimizing over the apparata settings, (2.25) simplies to
l >
3− η
2
√
2
. (4.36)
In suh a ase, the ritial hannel transpareny with the perfet oherene preservation is 3−2√2 ≈
17.2%.
In [92℄ we have thus shown that a Bell test inspired by the original idea of Tan, Walls, and Collett
[79℄ provides a muh lower threshold on the hannel transpareny than the ritial value of the
similar parameter, the detetion eieny in two-qubit Bell experiments. A possible explanation is
that the non-lassiality of the state in the rst ase is brought in by the single photon. Coherent
states are seen as quantum realizations of lassially allowed states of the eld. They are eigenstates
of annihilation operators, whih orresponds to multiplying by the intensity of the eld in lassial
or semi-lassial Eletrodynamis. The single photon state is purely quantum, as the notion of
a photon does not exist in lassial physis. Another argument to justify this robustness is the
following. When we loose the photon, we admix the vauum state in the modes referring to it. The
density matrix redued to the modes of the single photon, in the basis {|0, 0〉, |0, 1〉, |1, 0〉, |1, 1〉},
experienes the following transition:

0 0 0 0
0 12 − 12 0
0 − 12 12 0
0 0 0 0

→


1− η 0 0 0
0 12η − 12ηl 0
0 − 12ηl 12η 0
0 0 0 0

 . (4.37)
This matrix has one negative eigenvalue ofter the partial transposition,
1
2 (1−η−
√
(1− η)2 + l2η2),
for any non-zero value of the produt of l and η and thus basing on the Peres-Horodeki riterion
[67, 49℄ we onlude that, exept for trivial ases of η = 0 and l = 0, the state is always entangled.
We thus expet that this entanglement an be revealed by Bell inequalities in a large range of the
parameters.
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Figure 4.4: ηCRIT versus VCRIT for the two-photon experiment with a maximally entangled state,
and versus lCRIT in the sheme of Björk, Jonsson, and Sánhez-Soto. The Clauser-Horne inequality
is violated in the upper right region of the plot.
All the inequalities in the BBJS sheme are never violated if l ≤ 1√
2
. This greatly resembles the
admixture of the white noise (see Setion 2.5). However, in this ase, rather than the maximally
mixed state, we admix a lassially orrelated mixture
1
2 (|01〉〈01|+ |10〉〈01|). These orrelations
have no importane in the bases the observers perform measurements.
One an also onsider the ase, in whih the observers are able to predit the opaqueness of the
hannels and set the initial intensity of the oherent beam to be 2α2/η. Then the vauum state
would be still admixed with a weight 1− η, but the approximated sums (4.21), (4.22), (4.23), and
(4.24) are equal to
1
2 . Thus the probabilities we use in the inequalities are equal to
P+(φk) = P−(φk) = 12 , (4.38)
P++(φc, φd) = P−−(φc, φd) = 14 (1− lη cos(φc − φd)), (4.39)
P+−(φc, φd) = P−+(φc, φd) = 14 (1− lη cos(φc − φd)), (4.40)
whih trivially gives a ondition lCRIT ηCRIT = 1/
√
2. The photon loss has now the same eet as
the deoherene. The inequalities annot be violated for η ≤ 1/√2.
4.4 Experiment of Hessmo et al.
At the end of the disussion of possible non-lassiality of Fok states we will onsider an
experiment performed by Hessmo et al. [47℄. The setup onsists of a non-polarizing beam splitter,
whih reeives a single photon and a oherent beam of a small intensity as input signals. The
polarizations of the two signals are mutually orthogonal, and the state of the eld behind the
beam splitter an be written similarly to the one in the proposal of Björk, Jonsson, and Sánhez-
Soto, in [47℄ it diers only by a sign between the omponents. Eah measuring devie is built
of a birefringent wave-plate to ontrol the relative phases φc and φd between the single photon
and the oherent beam polarizations. Behind every wave-plate there is a polarizing beam splitter,
whih transmits the single photon with a probability t2 and reets it with a probability r2 (t and
r are taken real), thus the transmittivity and the reetivity for the oherent beam are r2 and
t2, respetively. In the experiment t2 ≈ cos2 2◦. At the transmitted outputs the observers had
single-photon detetors, whereas the reeted outputs were left unobserved.
The probabilities of the detetions are
Pc = Pd =
1
2
e−α
2r2(1 + r2 + α2r2t2), (4.41)
the probability that the both detetors register a photon reads
Pcd = e
−2α2r2 (r2 + r2t2(1 + cos(φc − φd))) , (4.42)
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Figure 4.5: A sheme of a measuring devie in the Hessmo et al. experiment. If we add a photon
ounter in a reeted mode (in a dashed box) and replae detetor D with one able to detet
exatly one photon, we would be able to perform a BJSS experiment.
whih allows to alulate the oinidene probability as
Pcoinc = 1− Pc − Pd + Pcd
= 1− e−α2r2(1 + r2 + α2r2t2)
+e−2α
2r2
(
r2 + 2r2t2(1 + cos(φc − φd))
)
. (4.43)
Moreover, Hessmo et al. onsider also the ases when the single photon does not reah any of the
detetors and the two detetions are aused by two photons from the oherent beam. The total
probability of the oinidene is P totalcoinc = ηPcoinc + (1 − η)(1 − e−α
2r2)2. One an minimize the
eet of false oinidenes by hoosing r2 << t2 and α2r2 << 1. The seond-order interferene
visibility found in [47℄ is (66± 2)% and (91± 3)% after the bakground orrelation orretion. As
shown by Tan, Walls and Collett, both results are enough to agrue for the non-lassiality of a
singe photon. Moreover, after the bakground orrelation orretion the seond-order interferene
visibility is high enough for violation of the Bell inequalities.
Obviously, the Hessmo et al. experiment is not equivalent to the the one proposed in [12℄, The
non-lassiality is demonstrated not with violation of the CH inequality, but only with high values
of the seond-order interferene visibility. On the other hand, to ondut the BJSS experiment one
needs to enrih the measuring devies with detetors, whih are able to reveal exat numbers of
photons deteted in reeted modes. The other neessary modiation is to replae detetors that
detet at least one photon with suh that detet exatly one. As we show below, suh detetors
an be used to realize the projetions utilized in the BJSS sheme under the ondition that the
seond signal apart from the oherent beam ontains at most one photon. Behind the PBS the
deteted state is
|det, nk〉 = 1√
(nk − 1)!
eˆ†k(fˆ
†
k)
nk−1|0, 0〉, (4.44)
where ek, fk are spatial modes of the PBS outputs. Sine the signal enters eah polarizing beam
splitter trough only one input hannel, the polarizations in spatial modes in outputs are already
xed. Now, let us denote the modes of the single photon and the oherent beam at eah side as
kSP and kCB, respetively. Then the ation of the PBS is(
eˆ†k
fˆ †k
)
=
(
t r
−r t
)(
kˆ†SP
kˆ†CB
)
, (4.45)
so that the detetors are sensitive to states
1√
(nk−1)!
(tkˆ†SP + rkˆ
†
CB)(−rkˆSP + tkˆ†CB)nk−1|0, 0〉.
Finally, we inlude the birefringent plate and the states deteted by the devies are
|detk, nk, φk〉 ∝ (eiφk tkˆ†SP + rkˆCB)(−eiφk
√
rkˆ†SF +
√
tkˆ†CB)
nk−1|0, 0〉. (4.46)
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When we plug in our assumption of having at most one photon apart from the oherent beam, we
get
|detk, nk, φk〉 ∝ −rt(nk−1)√nk|0, nk〉+ eiφk(tnk − r2tnk−2)|1, nk − 1〉, (4.47)
where the notation from the last setion was adopted. The properly hosen position of the PBS in
the measuring devie for eah nk individually would allow to ondut the BJSS experiment.
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Chapter 5
Entanglement in Bulk Systems
5.1 Introdution
In previous Chapters we have studied entanglement between only a few quantum subsystems.
We have assumed that the state of the system is known and an be arbitrarily manipulated.
However, the presented methods of deteting entanglement do not seem to appropriate for
marosopi systems. For ensembles of the order of 1023 spins one may not refer to individual
properties of every onstituent of a solid sample or orrelations between all of them. Instead, one
should base one's arguments for non-lassial orrelations in the system on a statistial desription
of the whole ensemble.
This is possible when the system is in a thermal equilibrium at some temperature T . Given
the Hamiltonian H desribing the system, the state is ρ = exp(−H/κT )/Z, where κ is the Boltz-
mann's onstant, taken equal to 1 for all numerial purposes in this dissertation. The olletive
thermodynamial quantities are omputed by dierentiating the logarithm of the partition funtion
Z = Tr exp(−H/κT ) with respet to external parameters, like temperature or the magnitude of
the magneti eld B. For example, the internal energy is equal to U = − ∂ logZ∂(1/κT ) , the heat apaity
C = ∂U∂T , and the magneti suseptibility χ =
1
κT
∂2 logZ
∂B2 . In this Chapter we will show that under
some onditions these quantities are entanglement witnesses [80℄, that is their low-temperature
values an reveal orrelations of purely quantum nature.
The problem of the detetion of entanglement in a thermal equilibrium is an appealing hallenge
of the Quantum Information Theory. First, it allows to see quantum orrelations as a natural
feature of quantum systems at low temperatures. Seond, thermal entanglement present in a large
sale in solids might be important for future Quantum Computation Tehnology.
5.2 Conept of Entanglement Witness
Before we give a denition of an entanglement witness, let us reall in details the Peres-
Horodeki riterion [67, 49℄ mentioned in the Setions 3.5 and 4.3. It states that under a partial
transposition separable states always remain physial, while entangled ones an afterwards have
a negative eigenvalue. For non-entangled states the statement is easily proved. The transposi-
tion hanges any state ρ into another density operator. Thus, for any two states ρ[1] and ρ[2],
ρ[1] ⊗ (ρ[2])T must also be positive. To nish the proof we notie that also a statistial mixture,∑
i Piρ
[1]
i ⊗ (ρ[2]i )T , is also a non-negative operator of trae 1, provided that Pi ≥ 0 and
∑
i Pi = 1.
To show that the positivity of a density operator under a partial transposition does is not
preserved in general, it is enough to onsider an entangled state of a system of dimensionality
2× 2 or 2× 3. For these systems the positivity of a partially transposed state was shown to be a
neessary and suient ondition for its separability [50℄. Let us, for example, onsider the ase
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of a two-qubit singlet state:

0 0 0 0
0 12 − 12 0
0 − 12 12 0
0 0 0 0


T1
=


0 0 0 − 12
0 12 0 0
0 0 12 0
− 12 0 0 0

 , (5.1)
The T1 index stands for the partial transposition with respet to the rst qubit. The same eet is
obtained by transposing with respet to the seond subsystem. The partially transposed matrix has
eigenvalues { 12 , 12 , 12 ,− 12}. However, there are known states, whih, despite of their entanglement,
have a positive partial transpose [88℄.
The partial transposition is an example of a linear, positive, but not ompletely positive map
1
.
Suh an operation, mapping a state from Hilbert spae H[2] onto H[3] an be generally written as
ǫ(ρ[12])[13] =
∑
k1,k2,l1,l2
Wk1,l1,k2,l2 |l1〉[3]〈k1|[2]ρ[12]|k2〉[2]〈l2|[3]. (5.2)
From this relation we see that with every linear map we an assoiate a self-adjoint matrix
Wk1,k2,l1,l2 = 〈k1l1|[23]W [23]|k2l2〉[23]. In a short form the ation of the map on the seond subsys-
tem an be written as
ǫ(ρ[12])[13] = Tr2(ρ
[12]T2W [23]). (5.3)
If we assume that dimensionalities of H[2] and H[3] are equal, the reverse relation an be also
obtained with the maximally entangled state |ψ+〉[22′] = 1√
D2
∑D2
i=1 |i〉[2]|i〉[2
′]
,where D2 is the
dimensionality of H[2]. Then
(1 [2] ⊗ ǫ[2′3])(|ψ+〉[22′]〈ψ+|[22′]) = W [23]. (5.4)
We stress that here 1
[2]
denotes the trivial map on H[2].
Proof:
(1 [1] ⊗ ǫ)(|ψ+〉[22′]〈ψ+|[22′]) = (1 [2] ⊗ ǫ)
(
1
D2
∑D2
i,i′=1 |i〉[2]|i〉[2
′]〈i′|[2]〈i′|[2′]
)
= 1D2
∑D2
i,i′=1 |i〉[2]〈i′|[2]
⊗
(∑D2
k1,l1,k2,l2=1
〈k1l1|[2′3]W [2′3]|k2l2〉[2′3](〈i′|[2′]|k1l1〉[2′3])(〈k2l2|[2′3]|i〉[2′])
)
= 1D2
∑D2
i,i=1 |i〉[2]〈i′|[2] ⊗
∑D2
l1,l2=1
〈il1|[2′3]W [2′3]|i′l2〉[2′3]|l1〉[3]〈l2|[3]
= 1D2
(∑D2
i,l1=1
|il1〉[23]〈il1|[23]
)
W [23]
(∑D2
i′,l2=1
|i′l2〉[23]〈i′l2|[23]
)
= 1D2W
[23]. (5.5)
QED.
The mutual relation between the linear maps and the operators is known as the Jamioªkowski
isomorphism [54℄. It was also shown that
• if ǫ is a ompletely positive map, matrix W (upper indies of W are hereafter dropped) is a
positive operator,
• if ǫ is a positive, but not ompletely positive, map, W is an entanglement witness.
In other words, in the seond ase the mean value of W in any separable state is 0 or positive,
but there exists an entangled state, for whih the expeted value of W is negative. Of ourse, the
threshold, above or below whih entanglement is demonstrated, an be arbitrarily redened, as in
ase of the [24℄ operator. The Horodeki Family has shown [50℄ that any type of entanglement,
bound [51℄, distillable [10℄, or diretly violating a Bell inequality [6℄, an be deteted with a proper
positive map, thus by a proper entanglement witness.
1
A positive map transforms one non-negative operator into another. A ompletely positive map ǫ is suh that
1 ⊗ ǫ is positive, regardless of the dimensionality of the rst Hilbert spae.
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5.3 Internal Energy as Entanglement Witness
One of the rst signiant papers onerning entanglement in solid state models is due to Wang
and Zanardi [85℄, who have onsidered nearest-neighbor entanglement in a spin-
1
2 Heisenberg ring.
The Hamiltonian of this system is given by
Hxxx = J
(
N∑
i=1
~σ [i] · ~σ [i+1]
)
. (5.6)
Periodi boundary onditions are guarantied by an identiation N + 1 ≡ 1. J is a oupling
onstant, positive for the antiferromagneti ase (AFM), and negative for ferromagneti (FM)
systems. The two symmetries of the system, the invariane under an arbitrary olletive rotation
of Cartesian frames of all qubits and a yli permutation of them require that the state of any
two neighboring spins, ρ[12] = Tr3....Nρ, is
ρ[12] =


u1 0 0 0
0 u2 z
∗ 0
0 z u3 0
0 0 0 u4

 . (5.7)
The rst notieable fat is that due to isotropy of the system the sample is not magnetized, i.e.,
the Bloh vetor of any qubit is vanishing, 〈~σ [1]〉 = 〈~σ [2]〉 = ~0. Then the entries of the density
matrix are found as
u1 = u4 =
1
4
(1 + T33),
u2 = u3 =
1
4
(1− T33),
z =
1
4
(T11 + T22 + iT12 − iT21), (5.8)
where Tii′s are elements of the orrelation tensor (see Setion 2.4). The seond observation to be
made is that, again, beause of the rotational symmetry, T12 = T21 = 0, thus z is real.
Wang and Zanardi have then omputed the two-qubit entanglement measure introdued by
Wootters [94℄ and known as the onurrene. It is dened in a following way: let ρ[12]∗ be a
omplex onjugate of a two-qubit state ρ[12]. Dene a matrix R =
√
ρ[12]σ
[1]
2 σ
[2]
2 ρ
[12]∗σ[1]2 σ
[2]
2
with non-negative eigenvalues λ1, λ2, λ3, λ4 in the dereasing order. The onurrene is dened as
Conc = max{0, λ1 − λ2 − λ3 − λ4}. In this spei ase Conc = 12 max{0, |T11 + T22| − T33 − 1}.
Notie that T11 = T22 = T33 = U/3NJ . The internal energy inreases with temperature and is
equal 0 in the limit of T → ∞, as the thermal state is then the maximally mixed state, and the
Hamiltonian is traeless. Therefore we onlude that the internal energy is always negative. Hene
we have Conc = 12 max
{
0,
(− UNJ − 1)} for AFM and max{0, 12 ( U3NJ − 1)} for FM. In partiular,
the nearest-neighbor onurrene at T → 0 is determined by the ground-state energy E0 per spin.
Hultén [53℄ found it numerially to be E0/NJ ≈ −1.773 for J > 0 and N → ∞, whereas for FM
systems it is known to be −1. In the latter ase it we do not observe thermal entanglement at
any temperature, whereas for the antiferromagneti ase the riterion of Wang and Zanardi fails
above the ritial temperature Tc at whih U(Tc)/NJ = −1. This temperature would be dierent
for dierent N . The only ase, in whih an AFM ring reveals no thermal entanglement, is N = 3.
Wang and Zanardi have linked the internal energy with entanglement using the onurrene.
A similar, though more diret argument has been drawn by Brukner and Vedral [18℄. They have
onsidered xx and xxx Heisenberg rings desribed by a Hamiltonian
Hxxz(B) = J
(
N∑
i=1
σ
[i]
1 σ
[i+1]
1 + σ
[i]
2 σ
[i+1]
2 +
J3
J
σ
[i]
3 σ
[i+1]
3
)
+B
N∑
i=1
σ
[i]
3︸ ︷︷ ︸
=M3
, (5.9)
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with B being the external magneti eld2 and J3 = 0 for an xx ring, and J3 = J for an xxx
model. Brukner and Vedral have dened the internal energy and the magnetization per site,
U¯ = U/N, M¯3 = 〈M3〉/N = κT ∂ lnZN∂B . They argue that in both ases the quantity U¯+BM¯3J is an
entanglement witness.
Let us rst fous on the ase of J3 = J . Then the expliit form of the Brukner-Vedral reads
U¯ +BM¯3
J
=
〈
1
N
N∑
i=1
~σ [i] · ~σ [i+1]
〉
. (5.10)
The proof of the witnessing properties was rst presented by Tóth, Gühne, and Cira [82℄. Notie
that for produt states, ρ =
⊗N
i=1 ρ
[i]
, eah element of the sum an be bounded by∣∣∣ 1N ∑Ni=1〈~σ [i] · ~σ [i+1]〉PROD∣∣∣
=
∣∣∣ 1N ∑Ni=1〈~σ [i]〉PROD · 〈·~σ [i+1]〉PROD∣∣∣
≤ 1N
∑N
i=1
√
〈~σ [i]〉2PROD〈~σ [i+1]〉2PROD ≤ 1, (5.11)
where the rst inequality omes from the Cauhy inequality. By onvexity, the same bound holds
for separable states.
Thus any value of (5.10), the modulo of whih exeeds 1, immediately implies thermal entan-
glement. As we have said, the lowest possible value in the thermodynamial limit was found to
be about −1.773. In fat, for the xxx models without the magneti eld the result of Brukner
and Vedral fully agree with the alulation of the onurrene for nearest neighbors by Wang and
Zanardi.
The argument an be extended to more general ases of J3 6= J and B not equal to zero. In
partiular, Brukner and Vedral onsider an innite xx ring, the analityal solution for whih was
presented by Katsura [57℄. In order to present his results we introdue a short-hand notation
L = BκT and K =
J
2κT , and a funtion
f(K,L, ω) =
√
2K2 + 2K2 cos 2ω − 4KL cosω + L2. (5.12)
Now, the internal energy and the magnetization are found to be
U¯ =
2κT
π
∫ π
0
f(K,L, ω) tanh f(K,L, ω)dω, (5.13)
〈M¯3〉 = − 1
π
∫ π
0
L− 2K cosω
f(K,L, ω)
tanh f(K, :, ω)dω. (5.14)
These two integrals allow to determine a region of
B
J and
κT
J (for J > 0) in whih thermal
entanglement is revealed by (5.10). The region is presented in Figure 5.1.
Other examples of using the internal energy as an entanglement witness an be found in e.g.
[29, 95, 81℄.
5.4 Deteting Multipartite Entanglement with Internal En-
ergy
A bound for presene of multipartite entanglement in state of a Heisenberg hain was presented
in [44℄. The Authors have noties that the Hamiltonian of an xxx open hain with an odd number
of sites an be written as
Hxxx = J
(N−1)/2∑
i=1
W2i−1,2i,2i+1, (5.15)
2
We assume that B ontains all the physial onstants. For experimental purposes, we would need to inlude a
of produt of the Bohr magnetron µB and the gyromagneti fator g. Then it is also neessary to remember about
the Plank onstant being a part of the spin operator.
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Figure 5.1: (5.10) for an innte xx spin− 12 ring (for J > 0) as a funtion of the magneti eld and
temperature. Only in the region marked with a white x" the values of (5.10) reveal entanglement
in the thermal state.
with Wi,j,k = ~σ
[i] · ~σ [j] + ~σ [j] · ~σ [k].
First let us show that genuine tripartite entanglement must exist if
U¯
J
< −1 +
√
5
2
≈ −1.618. (5.16)
Proof: The bipartite entanglement bound for Hxxx an be found by summing over suh bound
for three-qubit hermitian operators W2l−1,2l,2l+1, even if the do not mutually ommute. We are
interested in mean values possible only for states with at least tripartite entanglement, we allow
two qubits to be in an entangled state. However, W2l−1,2l,2l+1 is not sensitive to orrelations
between non-nearest neighbours, hene we shall assume that the state is pure and suh, that
|ψ[2l−1 2l 2l+1]〉 = |ψ[2l−1]〉|ψ[2k+1 2l+2]〉. In the language of the orrelation tensor this means that
Tijk = Ti00T0jk for any i = 1, 2, 3 and j, k = 0, 1, 2, 3. Furthermore, we have
∑3
i=1 T
2
i00 = 1. Suh
a form of the state implies
|〈W123〉| = |T100T010 + T200T020 + T300T030 + T011 + T022 + T033|. (5.17)
In the next step we hoose (T100, T200, T300) to be parallel to (T010, T020, T030) and |ψ[23]〉 to be
Shmidt-deomposed, |ψ[23]〉 = cosα|10〉−sinα|01〉. The non-vanishing elements of the orrelation
tensor are T03 = −T30 = cos 2α, T11 = T22 = − sin 2α, and T33 = −1. |〈W123〉| simplies to
|〈W123〉| = | cos 2α|+ |1 + 2 sin 2α|, (5.18)
whih optimized over α gives
√
5+1. The Hamiltonian onsists of (N − 1)/2 Wijk elements. Sine
we are interested in the limit of large N , the bound obtained above is divided by 2.
It is easy to see, however, that the bound (5.16) is not optimal. The argument is not self-
onsistent, as we rst assume, say, the third qubit to be entangled with the seond, then we want
it to be in a pure state.
To nd a better threshold, the Authors assume that the state of the ring of N = 4M qubits is
bi-fatorisable, |ψ〉 = |ψ[12]〉|ψ[34]〉...|ψ[N−1N ]〉, and dene two 6N -dimensional vetors
~v1 = ([1], [1 : 2], [2], [0], [5], [5 : 6], [6], ..., [0]), (5.19)
~v2 = ([N ], [0], [3], [3 : 4], [4], [0], [7], ...., [N − 1 : N ]). (5.20)
Here [i] = (〈σ[i]1 〉, 〈σ[i]2 〉, 〈σ[i]3 〉), [i : j] = (〈σ[i]1 σ[j]1 〉, 〈σ[i]2 σ[j]2 〉, 〈σ[i]3 σ[j]3 〉) and [0] = (1, 1, 1). Then the
mean value of the Hamiltonian is given by 〈Hxxx〉 = 12J~v1 · ~v2. It is important to notie that for
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Figure 5.2: A non-optimal linear witness denes a hyperplane far from the onvex set of separable
states and thus an detet only strong entanglement. A hyperplane of an optimal witness has
ommon point with the boundary of the set, but a non-linear witness better desribes the urvature
of of the boundary.
any two-qubit state
∑3
i=1(T
2
i0 +T
2
0i+ T
2
ii) ≤ 3. Hene the norms (5.19) and (5.20) are bounded by
2|〈Hxxx〉| ≤ J
√
~v1 2, J
√
~v2 2 ≤ J
√
3N . Applying the Cauhy inequality we get that if
U¯ < −3
2
J, (5.21)
the state must onsist of genuine three-partite entanglement.
In a similar fashion Gühne, Tóth, and Briegel argue for the bound on the energy for bi-
fatorisable states in ase of the xx ring.
5.5 Non-linear Entanglement Witnesses
In most of onsiderations presented up to this point we have disussed deteting entanglement
with linear funtions of the state, mean values of some operators. However, unlike the set of
statistis allowed by LHV, the set of separable state is not a hull spanned between a number of
verties. It is rather a onvex objet with innitively many extreme points (fatorisable states).
Thus we expet that its urved boundary would be better approximated by a non-linear funtion
of the state than by a hyperplane. In other words, an optimal non-linear witness ould detet
entanglement in more states than a linear operator, whih bounds the set of separable states (see
Figure 5.2). A non-linear riterion of entanglement an be drawn for the gedankenexperiment of
Einstein, Podolsky, and Rosen [34℄. In that situation it an be suprising that for an entangled
state unertainties of a dierene of positions of two partiles and a sum of their momenta an
simultaneously vanish. For produt states one has ∆2(p[1]+p[2]) = ∆2(p[1])+∆2(p[2]) and ∆2(q[1]−
q[2]) = ∆2(q[1])+∆2(q[2]). Now, sine∆2(q[i])∆2(p[i]) ≥ ~24 , it is obvious that the both unertainties
annot be equal to 0 at the same time. More expliitly this argument was drawn for ontinuous
systems by Reid [70℄ and Duan et al. [30℄.
We, however, want to fous on a version of this riterion formulated for disrete systems by
Hofmann and Takeuhi [48℄. Let us onsider a spin of arbitrary magnitude l and the varianes of
its three omponents, rst in a pure state |ψ〉 (~ = 1):
∆2(S1) + ∆
2(S2) + ∆
2(S3)
= 〈ψ|S21 + S22 + S23 |ψ〉 − 〈ψ|S1|ψ〉2 − 〈ψ|S2|ψ〉2 − 〈ψ|S3|ψ〉2
≥ l(l + 1)− l2 = l. (5.22)
It is also neessary to show that a mixedness of a state ρ =
∑
i Pi|ψi〉〈ψi| an only inrease the
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variane of any Hermitian operator A:
∆2(A) =
∑
i Pi〈(A− 〈A〉)2〉i
=
∑
i Pi

〈A2〉i − 〈A〉2i︸ ︷︷ ︸
=∆2(A)i
+(〈A〉i − 〈A〉)2︸ ︷︷ ︸
≥0


≥∑i Pi∆2(A)i, (5.23)
with 〈A〉i = 〈ψi|A|ψi〉. Hene, if we have two loal spin operators ~S[1] and ~S[2] (the two spins
do not need to have the same magnitude, let here us assume, however, that l[1] = l[2] = l), for
separable states
∆2(~S[1] + ~S[2]) ≥ 2l (5.24)
holds. On the other hand, one an have the two spins in a singlet state |S = l〉, for whih
∆2(~S[1] + ~S[2]) = 〈(~S[1] + ~S[2])2〉 − 〈~S[1] + ~S[2]〉2 = 0. (5.25)
The argument an be straight-forward generalized for more spins. This will be the main theme of
the next Setion.
5.6 Magneti Suseptibility as Entanglement Witness [90℄
The riterion of Hofmann and Takeuhi an be veried for a wide lass of large spin latties
with a thermodynami quantity, i. e., the magneti suseptibility. The use of this funtion of
the state as a witness was rst demonstrated for a spei material, opper nitrate [19℄, and then
shown in its full generality by Wie±niak, Vedral, and Brukner [90℄. The arguments from [19℄ will
be realled in the next Setion.
The appropriate systems to study their magneti suseptibility from the theoretial point of
view are those, Hamiltonians of whih are invariant under arbitrary olletive rotations. Let the
system be desribed in the zero magneti eld by Hamiltonian H0. In presene of the external
eld
~B it beomes H = H0 + ~B · ~M = H0 + ~B ·
∑N
i=1
~S[i]. Let us onsider the magnetization in
the diretion of the eld
~B, 〈M ~B〉 = −κT ∂ lnZ∂| ~B| . Using the Trotter identity,
eA+B = lim
n→∞
(
e
A
n e
B
n
)n
, (5.26)
whih is true even if [A,B] 6= 0, and the fat that operators an be ylially permuted under the
trae, TrABC = TrBCA, we see that independently of the Hamiltonian the magnetization along
any diretion pointed by a unit vetor ~n is 〈M~n〉 = Trρ~n ·
∑N
i=1
~S [i]. However, from the same two
fats we see that the magneti suseptibility, χ~n =
∂2 logZ
∂B2
~n
, is in general equal to
χ~n =
1
κT
(∫ 1
0
Tr(M~nρ
xM~nρ
1−x)dx− 〈M~n〉2
)
, (5.27)
where B ~N is the magnitude of the magneti eld projetion onto the unit vetor ~n. Only in
ases, in whih the Hamiltonian, and thus the thermal state ommutes with the magnetization
operator, the magneti suseptibility in a diretion of vetor ~n equals to χ~n =
1
κT∆
2(M~n). Sine
we need zero-eld magneti suseptibilities with respet to three orthogonal diretions to apply
the Hofmann-Takeuhi riterion, the Hamiltonian must ommute with the magnetization operators
in all orthogonal diretions. The interation must be isotropi and no magneti eld should at
on any spin. On the other hand, we do not have any other requirements about the lattie. It is
irrelevant what are magnitudes of spins seated in sites of the lattie, what is its shape, and what
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are exat values of oupling onstants. The lattie ould be one-, two- or three-dimensional, with
or without non-nearest-neighbor interations, or inhomogeneous. In any ase we argue that
χ′|~B=~0 = χ1| ~B=~0 + χ2|~B=~0 + χ3|~B=0 <
∑N
i=1 l
[i]
κT
(5.28)
annot be explained without entanglement. The values are summed over three orthogonal dire-
tions. When all spins in the lattie have a ommon magnitude l, (5.28) simplies to
χ′|~B=~0 <
Nl
κT
, (5.29)
and due to the rotational symmetry it is suient to onsider only one diretion:
χ~n| ~B=0 <
∑N
i=1 l
[i]
3κT
. (5.30)
In partiular, the zero-eld magneti suseptibility at T → 0 must tend to be innite if one does
not allow the onept of entanglement. Experimental studies of various materials give evidenes,
however, that this not the ase, that is also zero-eld magneti suseptibilities of ferromagnets tend
to 0 with temperature. This might be due to a fat that for these materials at ertain temperature
we deal with a signiant symmetry breaking, either spontaneous, or due to weak magneti elds
in the environment, e.g. the geomagneti eld or elds originating from the measuring apparata.
In presene of a distinguished diretion, our riterion annot be applied.
Let us assume that ∀il[i] = l. In [90℄ we have also argued that the magnetization and its
variane, whih in spei situation an be assoiated with the magneti suseptibility, together
satisfy a ertain omplementarity relation:
1− ∆
2( ~M)
Nl︸ ︷︷ ︸
Non-loal properties
+
〈 ~M〉2
N2l2︸ ︷︷ ︸
Loal properties
≤ 1. (5.31)
Proof: we start with showing that
〈 ~M2〉 ≥
(
Nl+ 1
Nl
)
〈 ~M〉2. (5.32)
For this purpose we will work in the total angular momentum basis {|L,m, i〉}L,m,i, where
~M2|L,m, i〉 = L(L + 1)|L,m, i〉, the magnetization in the z-diretion M3|L,m, i〉 = m|L,m, i〉,
and index i is due to possible degeneraies. Sine both sides of (5.32) are rotationally invariant, we
an hoose the z-axis as the diretion of the magnetization, 〈M1〉 = 〈M2〉 = 0, 〈 ~M〉2 = 〈M3〉2.
Let us now dene dene operator Kˆ, suh that Kˆ|J,m, i〉 = J |J,m, i〉. Given probabilities
PJ,m =
∑
i PJ,m,i to nd the system with the total angular momentum J and the magnetiza-
tion m we notie that 〈M〉 =∑J,m PJ,mm ≤∑J,m PJ,mJ =≤ 〈Kˆ〉. The proof is being ompleted
by fats that 〈 ~M2〉 = 〈Kˆ(Kˆ + 1)〉 and that Nl ≥ j implies Nl〈Kˆ〉 ≥ 〈Kˆ2〉. Thus we have
〈 ~M2〉 − Nl + 1
Nl
〈 ~M〉2 ≥ 〈Kˆ(Kˆ + 1)〉 − Nl+ 1
Nl
≥ Nl+ 1
Nl
∆2(Kˆ) ≥ 0. (5.33)
QED.
The left-hand side of (5.31) has been divided into two parts. The rst, as shown by Hofmann
and Takeuhi, is stritly related to non-loal properties of the state and an be positive only in
presene of entanglement. The seond part, the square of the mean magnetization depends on
properties of individual spins. In partiular, if our sample is in a singlet state, both frations
vanish and the inequality is saturated by the onstant in the front. On the opposite, when the
magnetization is maximal, the seond part is equal to 1, and the variane of the magnetization is
equal toNl. The rst part of the left-hand side of (5.31) anels itself out and the inequality is again
saturated. In that sense (5.31) desribes marosopi quantum information sharing. Information
an be stored in either individual properties of solid onstituents, or relations between them, or,
nally, in a form, whih does not saturate (5.31).
Some interesting examples of appliations of (5.28) are given in the following Setion.
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5.7 Examples
Let us start illustrating the usefulness of the magneti suseptibility as an marosopi en-
tanglement witness with repeating the argument by Brukner, Vedral, and Zeilinger [19℄. It is
drawn in a rather dierent fashion than in [90℄, but also orretly demonstrates the priniple. The
substane under onsideration is opper nitrate, Cu(NO3)2· 2.5D2O, in a form of a rystal. The
detailed struture of the rystal is given in [98℄. What is the most important for this thesis is that
the system is a dimerized spin-
1
2 hain, that is
HCN =
∑
j
J1~S
[2j] · ~S [2j+1] + J2~S [2j+1] · ~S [2j+2]. (5.34)
The inner-dimer oupling onstant is J1 = 0.44meV and the inter-dimer onstant was found to
be J2 = 0.11meV . The Authors assume at the beginning of the proof that, sine the system is
isotropi, the part of the magneti suseptibility dependent on the square of the magnetization
vanishes. Having negleted the non-nearest-neighbor ontribution, they are left with the zero-eld
magneti suseptibility in any diretion being
3
χ =
g2µ2BN
2κT
(
1
4
~
2 + 〈~So · ~Se〉/3
)
. (5.35)
~So and ~Se denote an odd and an even spin (as in (5.34) within the same dimer, respetively. Sine
both spins have magnitudes
1
2~, the salar produt between them is not larger in modulo than
1
4~
2
, provided that they are not entangled. Thus if the zero-eld magneti suseptibility implies
presene of entanglement if
χ <
g2µ20~
2
6κT
. (5.36)
The reasoning of Brukner, Vedral, and Zeilinger is obviously dierent from presented in [90℄.
On one hand, they have negleted long-distane orrelations, whereas we treat ontributions from
all pairs equally. On the other, they have a priori used isotropy of the system, what has allowed
to lower the produt state bounds. It would not be suitable for our argument, whih is no more
than a thermodynamial implementation of the riterion of Hofmann and Takeuhi. The latter
is in line just a mathematial riterion, whih shall be valid for all states, not only rotationally
invariant. The other argument for not taking this assumption initially in [90℄ is that we then loose
the extensibility of the magneti suseptibility. The extensibility is here understood as the fat
that for a olletion of not interating, idential systems (for example, monorystals or moleules)
the quantity shall be proportional to their number. This is a key feature for studying bulk objets,
as we are unable to preisely determine the population of individual systems.
Interestingly, the bound obtained by Brukner, Vedral and Zeilinger is the same as in (5.30),
despite of the desribed dierenes in the derivations. This result was subsequently onfronted
with the experimental data published in [11℄.
Figure 5.3 presents the measured molar magneti suseptibility of upri nitrate measured at
various temperatures and with rystal powdering. The solid line is an interpolation of the measured
suseptibility and the dashed urve represents (5.36). The lines ross at about 5K, below whih
the presene entanglement is manifested. It is partiularly interesting that the experiment was
performed in 1963, muh before the disussion on quantum information beame intensive.
Now, let us pass to theoretial appliations of the riterion. We begin with analyzing results
obtained by Xiang in [97℄. Therein he omputes the thermodynamial quantities of long, eiently
innite, spin− 12 and spin−1 (as well as spin- 32 ) hains desribed by the Hamiltonian
Hxxx(B) =
∞∑
i=−∞
~S[i] · ~S[i+1] +B
∞∑
i=−∞
~S
[i]
3 . (5.37)
3
The aim of this paragraph is to onfront the entanglement witness with the experimental data published in [11℄.
Thus, following [19℄ we for the moment inlude all physial onstants. Brukner, Vedral, and Zeilinger themselves
have not inluded ~ in spin magnitudes.
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Figure 5.3: The temperature dependene of magneti suseptibility of powder upri nitrate (tri-
angles) and a single-rystal upri nitrate measured at low- eld parallel (open squares) and per-
pendiular (open irles, rosses, lled irles) to the monolini b axis. The data and the gure
are from Ref. [11℄. The solid urve is the theoretial urve for a dimer resaled for the amount of
noise estimated from the experiment. This noise is omputed as the ratio of the maximal exper-
imental value (averaged over rystal data) and the maximal theoretial value. The dashed urve
represents the marosopi entanglement witness (5.36) and is resaled in exatly the same way.
The intersetion point of this urve and the experimental one de- nes the temperature range
(left from the intersetion point) with entanglement in the substane. The ritial temperature
is around T expc ≈ 5K. Note that the entanglement witness will ut the experimental urve (and
hene yield a ritial temperature) independently of a partiular resaling proedure. (The gure
and the aption taken from [19℄).
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Figure 5.4: The zero-eld magneti suseptibility of an innite Heisenberg hain of spins− 12 (left)
and spins-1 (right) omputed in [97℄. The dotted line is our entanglement riterion (5.30)
.
Figure 5.5: The internal energy of an innite Heisenberg hain of spins− 12 (left) and spins-1 (right)
omputed in [97℄. The dotted line is the entanglement riterion (5.10)
.
The used numerial proedure, alled the transfer matrix renolmalization group, is desribed in
details in [84℄. Figure 5.4 presents omputed zero-eld magneti suseptibilities for spin-
1
2 and spin-
1 hains, respetively. Dotted lines are our entanglement riteria given by (5.30). The lines ross
in 5.4 at T ≈ 1.4 and at T = 2. These results are to be ompared with the ritial temperatures
found using the internal energy argument, (5.11). The internal energies for spin-
1
2 and spin-1
hains [97℄ are presented in Figure 5.5. If one uses the Brukner-Vedral witness rather than the
magneti suseptibility, one nds that entanglement is ertainly present below T ≈ 0.8 for spins− 12
and T ≈ 1.4 in the ase of spins-1. The advantage of (5.30) over (5.11) shall be explained with the
fat that, unlike (5.11), where only the nearest-neighbor pairs are taken into aount, in (5.30) we
also inlude the orrelations between not neighboring sites.
Let us study latties of spins-1 in more details. For spins− 12 the interation, whih would be
biquadrati, rather than bilinear against spin operators, would be trivial. However, for spins of
higher magnitudes it is an interesting isotropi interation. We have numerially omputed the
zero-eld magneti suseptibility for the ring of six spins-1 with adjustable bilinear and biquadrati
interation onstants. This system is desribed by the following Hamiltonian:
H(a) = cos a
6∑
i=1
~S[i] · ~S[i+1] + sin a
6∑
i=1
(
~S[i] · ~S[i+1]
)2
, (5.38)
with the periodiity ondition [7] ≡ [1]. The magneti suseptibility per spin is presented in Figures
5.6 and 5.7. From the latter we see that entanglement is implied by (5.29) between a = − 34π and
a = 12π, and only below Tc ≈ 2.66. Quantum orrelations are more temperature-persistent for
− 34π ≤ a ≤ 0 than for 0 ≤ a ≤ 12π. This might be due to a fat that the biquadrati term with
a negative fator favors states with small total angular momenta over those with large angular
momenta. For example, the two-spin-1 operator
(
~S[1] · ~S[2]
)2
has the singlet state as an eigenstates
with the orresponding eigenvalue 36, while the states of the total angular momentum 6(=2(2+1))
have the eigenvalue 1. In the region of the entangled ground state and positive a, the bilinear
interation is dominant over the biquadrati term. For a lose to − 34π, on the other hand, the
latter overomes the former.
Another model we would like to onsider is an example of a 3-dimensional lattie. Let us
onsider the system of nine spins− 12 , eight of whih are plaed in verties of a ube and interat
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Figure 5.6: The zero-eld magneti suseptibility (summed over three orthogonal diretions and
multiplied by temperature) per spin of a Heisenberg ring of 6 spins-1 as a funtion of temperature
and a.
Figure 5.7: The zero-eld magneti suseptibility (summed over three orthogonal diretions and
multiplied by temperature) per spin of a Heisenberg ring of 6 spins-1 as a funtion of temperature
and a plotted up to the entanglement threshold.
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Figure 5.8: 8 spins-
1
2 forming a ube and surrounding another spin-
1
2 .
Figure 5.9: The zero-eld magneti suseptibility per spin (summed over three orthogonal dire-
tions and multiplied by temperature) of a ube of spins-
1
2 with another spin-
1
2 in its enter and
plotted up to the entanglement threshold, 0.5
with one another only along edges. The ninth is plaed in the enter of the ube and interats
with all others equally strongly. With the free parameter a we will this time vary the proportion
between the onstant of the oupling along edges and with the entral qubit:
H = cos a
(
~S[1] · ~S[2] + ~S[2] · ~S[3] + ~S[3] · ~S[4] + ~S[4] · ~S[1] (5.39)
+ ~S[5] · ~S[6] + ~S[6] · ~S[7] + ~S[7] · ~S[8] + ~S[8] · ~S[5] (5.40)
+ ~S[1] · ~S[5] + ~S[2] · ~S[6] + ~S[3] · ~S[7] + ~S[4] · ~S[8]
)
(5.41)
+ sin a
(
~S[9] ·∑8i=1 ~S[i]) . (5.42)
In Figure 5.9 we present the omputed suseptibility per spin multiplied by temperature up
to the entanglement threshold 0.5. It an be seen that the thermal state is entangled for −0.4 ≤
a ≤ 0.43 at suiently low temperatures. However, the quantity presented in Figure 5.9 does not
vanish at T = 0, hene the magneti suseptibility would, as it seems, diverge with T → 0. This
is for the reason that given an odd number of odd-half-integer spins it is not possible to onstrut
a singlet state. The ground state shall possess the rotation symmetry of the Hamiltonian at the
expense of being mixed. However, in realisti situations this symmetry shall be broken and the
probe shall then gain the magnetization.
This interesting result motivated us to nd a model, whih in various phases has all three ways
of the low-temperature behavior of the zero-eld suseptibility at T → 0:
• χ′T tends to the onstant above the entanglement threshold,
• χ′T tends to the non-zero onstant below the threshold,
• χ′T tends to zero.
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Figure 5.10: The zero-eld magneti suseptibility per spin (summed over three orthogonal di-
retions and multiplied by temperature) of a ube of spins-
1
2 with another spin-
1
2 in its enter
multiplied by temperature.
Figure 5.11: 6 (left) and 4 (right) spins-
1
2 surrounding a spin-1.
The system whih satises this requirement is a simple modiation of the previous one. Instead
of a spin− 12 , we shall plae a spin-1 in the middle. To save the omputational resoures, we shall
also derease the number of surrounding spins and arrange them into an otahedron (o) and a
tetrahedron (t). The systems are drawn in Figure 5.11, and the orresponding Hamiltonians shall
be given by
H(o) = cos a
((
~S[1] + ~S[6]
)
·
(∑5
i=2
~S[i]
)
+ ~S[2] · ~S[5] +∑4i=2 ~S[i] · ~S[i+1])
+ sin a~S[7] ·∑6i=1 ~S[i] (5.43)
for the otahedron, where l[i] = 12 for i between 1 and 6 and l
[7] = 1, and
H(t) = cos a
((∑4
i=1
~S[i]
)2
− 3
)
/2
+ sin a~S[5] ·∑4i=1 ~S[i] (5.44)
for the tetrahedron, with l[5] = 1 and 12 being the magnitude of all other spins. These systems
have at least 8 and 6, respetively, distint phases with respet to a. Transitions between these
phases an be seen in Figure 5.12 as rapid hanges of values of low-temperature χ′. In their nature
lies an interhange of the ground state and one of the exited states.
The suseptibilities multiplied by temperature are presented in Figures 5.13 and 5.14 (up to
entanglement thresholds, 4 for (o) and 3 for (t), respetively). Both systems have interesting
features. The ground state of (t) is reognized as entangled whenever the interation between
the spin-1 and surrounding spins is antiferromagneti, and for (o) there exists an interval of a in
whih the thermal is satises our separability riterion at T lose to 0, but then the magneti
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Figure 5.12: χ′ at T = 0.01 for an otahedron (left) and a tetrahedron (right) of spins- 12 with a
spin-1 in the enter. Every rapid hange of the value orresponds to a quantum phase transition
of the rst kind, a hange of ground system.
Figure 5.13: χ′T plotted for an otahedron (left) and a tetrahedron (right) of spins- 12 with a spin-1
in the enter.
suseptibility goes under the threshold as temperature grows and low exited states signiantly
ontribute to the mixture.
5.8 Heat Capaity as Entanglement Witness [91℄
In Setion 5.3 we have argued that the presene of thermal entanglement an be dedued from
the internal energy. However, it is physially diult, or even impossible to preisely measure
the internal energy of an objet, as it is always given up to an irrelevant additive onstant. One
an gauge the internal energy, for example, by bringing the sample lose to the absolute zero
or the innite temperature, and then by a areful energeti balane of bringing it to a desired
temperature. As we have already mentioned, for spin latties and other systems desribed by
traeless Hamiltonians the energy at T →∞ is 0, whereas the ground-state energy an be alulated
from H . Neither of the limits is attainable physially, but both an be reahed suiently lose
to make arbitrarily good approximations. To use the zero-temperature energeti balane we need
to know the preise form of the Hamiltonian. While heating the sample and subsequent ooling
it bak to the temperature of our interest, our sample an overome strutural phase transitions,
like melting or evaporating.
From the experimental point of view, it is muh easier determine the heat apaity, the hange
of internal energy per an innitely small hange of temperature, C = ∂U∂T =
1
κT 2∆
2(H) (at a
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Figure 5.14: χ′T plotted for an otahedron (left) and a tetrahedron (right) of spins-fra12 with a
spin-1 in the enter, plotted to entanglement thresholds, 4 and 3, respetively.
onstant volume). In this setion we will show that low-temperature values of C an witness
entanglement. In partiular, we will argue that in ases, in whih the ground state is entangled,
the Third Law of Thermodynamis is related to non-separability of the state. The Law was rst
given by Nernst [65℄ as a statement that the entropy of the ground state is a onstant dependent
only on its mixedness. We are more interested in an alternative formulation, namely that the
absolute zero temperature is unattainable in any nite physial proess, as the heat apaity then
tends to zero. The equivalene of these two statements is still a subjet to disussions, for example
by Langsberg [58℄. A onvining argument was given by Guggenheim [43℄, and based on fat that
for nite systems, the entropy at a nite temperature, S(T ) =
∫ T
0
C(T ′)
T ′ dT
′
must also be nite.
This puts a strong bound on the possible low-temperature behavior of C. The onverse impliation
is disussed in e.g. [62℄.
The rst way to demonstrate the heat apaity as an entanglement witness is diret. We
will show that the variane of some Hamiltonian annot vanish if one allows only produt states.
By (5.23) it must also be true for separable states. Hene either there must appear thermal
entanglement, or the heat apaity diverges with T → 0.
An example of a model with non-zero energy variane for separable states is an Ising ring in a
transverse magneti eld, the Hamiltonian of whih reads
HIsing = ±
N∑
i=1
σ
[i]
3 σ
[i+1]
3 +B
N∑
i=1
σ
[i]
1 , (5.45)
with the periodiity N + 1 ≡ 1.
Here follows the proof that no fatorisable state is an eigenstate of the Hamiltonian for B 6= 0.
Assume, that this is not the ase and the state |ψ〉 = ⊗Ni=1(ai|0〉 + bi|1〉) is an element of the
eigenbasis of HIsing, with some energy E. We rst need to notie that this is neessary that
∀iai, bi 6= 0 beause of the ation of the magneti eld. Then one should have
E =
〈00..0|HIsing|ψ〉
〈00..0|ψ〉 =
〈10..0|HIsing|ψ〉
〈10..0|ψ〉 , (5.46)
whih written expliitly is
(BΣ+N)
∏N
i=1 ai∏N
i=1 ai
=
(
B + b1a1
(
BΣ−B b1a1 +N − 4
))∏N
i=1 ai
b1
a1
∏N
i=1 ai
(5.47)
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Figure 5.15: The minimal variane per site ∆¯2(HIsing) of the Hamiltonian of a transverse Ising
ring over 2-translation invariant produt states (|φ1〉|φ2〉)⊗N/2 versus the magneti eld B (J = 1).
with Σ =
∑N
i=1
bi
ai
. The last equation simplies to
−B
(
b1
a1
)2
− 4 b1
a1
+B = 0. (5.48)
The same relation an be now obtained for the inverse of the fration,
ai
bi
. However, one an easily
verify that the produt of the two solutions of (5.48) is −1. QED.
For the sake of the numerial minimization of ∆2(HIsing) we onsider the the states that have
a period of two sites:
|θ1, θ2〉 = ((cos θ1/2|0〉+ sin θ1/2|1〉)(cos θ2/2|0〉+ sin θ2/2|1〉))⊗N/2 . (5.49)
Suh a form of the state an be justied in a following way: when we minimize the energy of
the Ising model over fatorisable states, we want to allow the loal states to have the same spin
projetion onto the diretion of the eld and in the same time every two nearest neighbors have
should have the opposite omponents in the interation diretion. This an be done with states
(5.49). 〈σ[i]2 〉 is not important for any i, thus we assume that the whole vetor lies in the xz-
plane. However, alulating ∆2(HIsing) we also deal with means like 〈σ[i]3 σ[i+2]3 〉 (sine the state is
fatorisable, all other ross terms, like 〈σ[i]3 σ[i+2]3 σ[i+3]3 σ[i+4]3 〉 will vanish). It would seem that one
needs to onsider states of the periodiity of four sites. Nevertheless, numerial alulations show
that inreasing the period does not allow to mimimize ∆2(HIsing) more than by using the period
of two sites.
Let us introdue a short-hand notation xi = 〈σ[i]1 〉 = sin θi and zi = 〈σ[i]3 〉 = cos θi. Under the
above assumptions, the variane of the energy per spin an be written as
∆2(HIsing) = N
(
1 + z21 + z
2
2 − 3z21z22
)
± 2BN(z1z2(x1 + x2)
+ B2N2
(
2− x21 − x22
)
, (5.50)
The expression has been subjeted to a numerial minimization over θ1 and θ2, the results of whih
are plotted in Figure 5.15.
We an see that the variane vanishes for any ase, exept for B = 0. When the eld-interation
energy beomes signiantly larger than the inter-spin interation, the ground state beomes om-
pletely determined by the eld, thus a fatorisable state. Even then the variane is non-zero as
we vary the magneti eld, not the interation strength. Note that the same results apply to both
FM and AFM ases of the Ising model.
These results an be onfronted with the spei heat of the system found in [57℄. Therein, the
heat apaity per spin was found to be
CIsing
N
=
1
πT 2
∫ π
0
f(B,ω)
cosh2 f(B,w)T
dω, (5.51)
where J = k = 1 and f(B,ω) =
√
1− 2B cosω +B2.
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Figure 5.16: The heat apaity per spin (κ = 1) of a transverse antiferromagneti Ising ring versus
the temperature T for B = 2. The dotted urve, 0.4197/T 2, is the heat apaity entanglement
riterion.
Figure 5.16 presents the heat apaity per spin (5.51) for a given magneti eld B = 2. The
urve represents a/T 2, where a = 0.4197 is the minimal Hamiltonian variane over fatorisable for
this value of the eld. Below this line the thermal state is denitely entangled.
Thus for the Ising model, and for many other models without any rotational invariane it
suies to show that ∆2(H) does not vanish for produt states to use the heat apaity as an
entanglement witness. However, more interesting from the physial point of view models, like xx
or xxx systems, fail to be applied to the same riterion. At least one of the eigenstates of their
Hamiltonians, though not neessarily the ground state is a produt state, e.g., |1...1〉. That is, the
energy in the state is exatly determined, hene the variane an be set 0 within the set of produt
states.
In [91℄ we argue basing on fundamental onepts of Thermodynamis that the low-temperature
heat apaity, whih is an easily measurable quantity, an still reveal thermal entanglement given
the ertainty that the ground state is entangled. One also needs to know the struture of the
spetrum, if it is gap-less, or the ground-state energy is separated from the rst exited state
energy by an energy gap ∆. The last information to be known is the bound on the internal energy,
below whih the state is ertainly entangled [18, 29, 95℄, EB , as well as the ground state energy
U0.
Gap-less systems: let us rst demonstrate our argument for system with a ontinuous bottom
part of the spetrum per spin. Examples of suh systems are half-odd integer spin hains, taken in
the thermodynamial limit. Their internal energy per spin an be written as U¯ = U0+(κT )
γ(c0+
c1κT + ...), where γ > 0 and c0, c1, ... are some material-dependent onstants. At low temperatures
we may drop higher-order terms and approximate U¯ ≈ U0 + c0(κT )γ . Consequently, at these
temperatures the heat apaity shall be given as
C¯ =
∂U¯
∂T
= γc0κ(κT )
γ−1 = γ
U¯ − U¯0
T
. (5.52)
We an now use the bound on the internal energy to derive a similar ondition for the heat apaity.
Namely,
C¯ < γ
E¯B − U¯0
T
(5.53)
implies entanglement within the range of the approximation. Only if the ground state is separable,
that is U¯0 = E¯B, (5.53) prevents C¯ →∞ as T approahes the absolute zero. In general, however,
inequality (5.53) shows that the heat apaity does not diverge at low temperatures only due to
entanglement. The result is thus similar to the one from [90℄. In both ases, the zero-temperature
niteness of respetive thermodynamial quantities an only be explained with quantum orrela-
tions of the thermal state.
Note that this riterion is appliable for the whole lass of gap-less models in 1+1 dimensions
4
.
For these models the onformal eld theory [2, 13℄ predits C = (πcκT )/(3~v), with c being the
4
Spae+Time dimensions.
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entral harge in the orresponding Virasoro algebra and v - the spin veloity. Aek [2℄ has shown
that for a hain of spins-l c = 6l/(2 + 2l).
An expliit example of a gap-less model is an innite xxx antiferromagneti spin-
1
2 hain with
the Hamiltonian (5.37) with B = 0, for whih U¯0 = −0.443 [53℄ and E¯B = −0.25 5. Hene by
(5.53) the ondition for quantum orrelations is C < 0.386/T . On the other hand, from [97℄ we
estimate that the linear behavior of the heat apaity C¯ ≈ 23T hold for T ≤ 0.1. In this region we
an onlude non-lassiality of the thermal state from C¯.
Gapped systems: On ontrary, integer antiferromgneti spin hains, and, by denition, all
quantum systems of a nite dimensionality belong to a universal lass of gapped states. Haldane
has argued in [45℄ that for these systems the low-temperature heat apaity per spin reads
C¯ = c′
(
κT
∆
)δ
exp
(
− ∆
κT
)
, (5.54)
where c′, δ are again material-dependent onstants. The internal energy an hene be found as
U¯(T ) = U¯0 +
∫ T
0 C¯(T
′)dT ′ = U0 + c′∆κ Γ
(−δ − 1, ∆κT ). Now, aording to [1℄ we approximate
Γ(a, x) ≈ e−xxa−1 for large x and obtain
U¯ = U¯0 + c
′κT δ+2e−
∆
κT /∆. (5.55)
Finally, we again use the bound for separable states and argue that
C¯ <
∆(E¯B − U¯0)
κT 2
(5.56)
an be only due to entanglement, of ourse, within the range of the approximation. Let us here
omment that the seond approximation, κT << ∆, is usually muh weaker than for the gap-less
systems.
To exemplify this version of the argument, we onsider an innite spin-1 one-dimensional xxx
antiferromagnet with J = 1, for whih c′ = ∆5/2/
√
2π, ∆ = 0.411, U¯0 = −1.401 [55, 89℄ and
E¯B = −1 (the proof is a simple extension of (5.11) to spins-1). Thus all values of C¯ below
0.165/T 2 ensure us about thermal entanglement in the ring at T << 0.4.
5
Now we use spin operators rather than Pauli matries, hene the values are divided by 4.
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Chapter 6
Summary
Entangled states [73℄ are not only a ounter-intuitive feature of Quantum Mehanis [34℄, but
also a key resoure for many quantum information proessing tasks, like the teleportation [9℄,
Quantum Cryptographi Key Distribution [8, 35, 75℄, or Quantum Computation algorithms, e.g.,
[42, 77, 26℄. Some of this appliations strongly rely on the disrepany between QuantumMehanis
and Loal Realism.
For this reason this dissertation has been devoted to the problem of deteting entanglement
in various physial systems. In general, this problem an be approahed from two dierent per-
spetives. First, we may want to onrm whether a state diretly violates Loal Realism. In some
models a diret appliation of a Bell inequality might be not feasible due to a high omplexity of
the physial system. In suh a ase, we an apply an entanglement witness. Quantum orrelations
onrmed by suh a riterion not neessarily falsify Loal Realism, but an be post-proessed [10℄
in order to do so. While Chapter 2 aims to present a historial outline of the Bell theorem, Chap-
ters 3 and 4 present more reent results, and in Chapter 5 we fous on disussing entanglement
witnesses, partiularly those, whih an be dedued from thermodynamial properties of solids.
We have begun with presenting the apparent paradox notied by Einstein, Podolsky, and Rosen
[34℄, who had onsidered two distant partiles in a quantumly orrelated state. Basing on Relativity,
the Authors assumed that no useful information an propagate between two remote observers with
a superluminal speed. They also had a belief of Realism, that is that results of all possible
experiments are predened. However, the position of one partile from the EPR pair ould be
determined by the measuring the position of the other, regardless of the distane between the
two partiles. Similarly, the momentum of one of the partiles an be known by measuring the
momentum of the other without any disturbane of the rst one. Thus both the position and the
momentum are seemingly elements of the reality. However, the quantum-mehanial Heisenberg
unertainty priniple forbids to know preisely the values of two non-ommuting observables, like
the position and the momentum. This brings the alternative of two possibilities. Either Quantum
Mehanis is unable to provide the most omplete desription of the reality, or these two quantities
annot be simultaneously elements of the same physial reality.
To answer this question Bohr [16℄ has referred to his own onept of omplementarity. Aording
to him, Quantum Mehanis is a omplete theory. Nevertheless, aording to him, the at of
measurement disturbs the system in a unontrollable way, hene results of future measurements
are irreversibly disturbed. The problem also lies in the distintion between a quantum system and
a measuring apparatus. Simply, as Bohr states, a measurement of the position orresponds to a
dierent physial situation that a measurement of the momentum.
The possibility of ompleting Quantum Mehanis with additional parameters, whih would
determine results of measurement, yet remain unknown to observers, was onsidered in 1952 by
Bohm [14, 15℄. He rst proposed his own interpretation of Quantum Mehanis, based on an
assumption, that while the position of a partile is stohastially desribed by a square of moduli
of the wave-funtion, its momentum is given by a gradient of the phase funtion. Then stationary
states, whih have their wave-funtions real, do not express any motion of the partile. In suh
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a ase the partile an be seen as an entity from an ensemble of idential systems. Elements
might have a preisely dened position and the wave-funtion would rather now desribe the
density within the ensemble. Thus both the position and the momentum of the partile ould be
simultaneously measured with arbitrarily high preisions. In more general ases Bohm suggests
that the Shrödinger equation ould have an inhomogeneous term, whih would allow to introdue
additional parameters and build a new measurement theory.
However, Bell's seminal paper [6℄ has shown that if suh hidden parameters exist, they annot
be of a loal harater. Bell showed that Quantum Mehanis, or, in partiular, entanglement, is
in a sharp disagreement to Loal Realism. The disrepany was demonstrated by inequality (2.12),
the violation of whih was later tested in various experiments [4, 86, 71℄. None of the experiments
was fully onvining, however. In many ases, the violation of a Bell inequality has been found
related to quantum-over-lassial advantages in various quantum information proessing tasks, e.g.,
ryptographi key distribution [75℄ or ommuniation omplexity problems [21℄.
Greenberger, Horne, and Zeilinger showed that the violation of Loal Realism an be demon-
strated, even in a stronger version than for two qubits, for larger systems. Initially formulated
without inequalities, their argument was rephrased by Mermin [61℄ with help of a series of statis-
tial expressions with loal realisti bounds. Gradual inrease of the arbitrarity of measurements
performed by obsevers was presented subsequently by Ardehali [3℄, and Belinskii and Klyshko [5℄.
The further generalizations were made by Werner and Wolf [88℄, Weinfurter and ukowski [87℄,
ukowski and Brukner [103℄, Wu and Zong [96℄, and Laskowski, Paterek, ukowski, and Brukner
[59℄. On the other hand, there were many attempts to nd Bell inequalities by nding hyperplanes
ontaining faes of a ertain onvex hull, e.g. [36, 69, 78℄. A onvenient way of analyzing suh a hull
for orrelations between many qubits was presented reently by ukowki [102℄ and developed and
applied diretly to N = 3 by Wie±niak, Badzi¡g, and ukowski in [93℄. We foused on the simplest
non-trivial ase three observables per site. The found inequalities are speial ases of (3.38). We
also show that a Bell inequality, in whih all three observers hoose between three observables.
In Setion 3.12 we onsider eets of taking the rotational invariane of the orrelation funtion
as an addition onstraint on theories with LHV [64℄. As it appears, for GHZ states the inequalities
whih utilize this assumption are exponentially more robust against the white noise admixture than
MAKB, WWWB, or WZLPB inequalities. Expressions derived in [64℄ utilize a ontinuum of
possible loal observables, nevertheless the amount of violation an by omputed from the ondition
(3.116) with the knowledge of only 2N mean values.
Another trend in the studies on the Bell theorem is a disussion on realizations of a Bell test
with a single photon, rather than a set of entangled partiles, as a arrier of non-lassiality. This
idea was initially proposed by Tan, Walls, and Collett [79℄. One of our results [92℄ is showing that
the realization of Tan-Walls-Collett-type proposal desribed by Björk, Jonsson, and Sánhez-Soto
[12℄ an be suprizingly robust against photon loss, whih in two-photon experiments is equivalent
to the detetion eieny. The required detetion eieny in standard Bell experimental set-
ups was found by Garg and Mermin [37℄ to be 82.8% for a maximally entangled state, whereas
Eberhard [31℄ has shown that in passing from the singlet state to the limit of a fatorisable state
the eieny an be lowered to 66.7%. We have obtained that it is neessary to preserve at least
17.2% of photons from the soure in the BJSS sheme. Interestingly, this proposal is the ase of a
great advantage of the CH inequality (2.25) over CHSH (2.15). Another interesting feature of the
shehme is that the optimal realization of the BJSS experiments requires a strong oherent beam,
unlike the Tan-Walls-Collett sheme, whih works out best in the limit of a very weak oherent
part of the eld. The onsidered deoherene model turned out to be analogous in its role to the
depolarizing hannel ating on a pair of entangled photons. One should mention, however, that
with the urrent state-of-the-art tehnology we are not able perform the experiment, as it requires
detetors, whih distingush between dierent photon numbers. Nevertheless, there are no reasons
to assume that the sheme will never be experimentally feasible.
Chapter 5 fouses on the problem of deteting thermal entanglement is solids. Conduting
a Bell-type experiment on a set of about 1023 spins does not seem possible. Thus one detets
entanglement in bulk bodies with witnesses, operators or state funtions, whih an take some
values only for entangled state. Entanglement deteted by witnesses an falsify Loal Realism, but
an also fall into the ategory of bound entanglement, whih annot be even distilled to a useful
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form [51, 10℄. We begin with explaining the onept of an entanglement witness [67, 49, 80℄ and
showing that for spei systems low-temperature values of the internal energy annot be explained
only with separable states [85, 82, 18, 81℄.
Nevertheless, we stress that it is a tehnial problem to learn the value of the internal energy
at a given temperature. The rst solution suggested by Wie sniak, Vedral, and Brukner [90℄ is to
measure the magneti suseptibility, whenever the Hamiltonian is rotationally invariant. This is a
well-known routine in solid-state physis. We have proven that for these models the suseptibility
onverges to 0, or, more generally, a nite value at T → 0 only beause of entanglement of the
thermal state. Notably, in ontrast to the internal energy, the bound on whih for separable states
must be omputed in eah ase individually, the magneti response of the material is the most
universal thermodynamial entanglement witness known up to date. As the oupling onstants do
not enter the expression, the quantity, thus its entanglement witnessing properties are independent
of an exat form of the Hamiltonian. Our riterion an be as well applied to a simple spin-
1
2 xxx
hain as to dimerized, frustrated, or higher-dimensional latties. Even latties with spins of various
magnitudes an be tested for entanglement with our method. The other feature of the magneti
suseptibility is its advantage over the internal energy in a similar role. On the other hand, however,
it is not possible to detet genuine multipartite entanglement with χ, as it was shown possible for
U by Gühne, Tóth, and Briegel [44℄. It is suient to reall that |Ψ〉 =
(
1√
2
(|01〉 − |10〉)
)⊗N/2
is
an N -partite state of the total angular momentum 0, whih is only bipartite-entangled.
In [90℄ we have also presented a non-trivial omplementarity relation between the magnetization
and its variane (whih in the absene of the magneti eld an be dedued from the suseptibility),
whih expresses marosopi quantum information sharing. The left hand side of (5.31) has been
divided into two terms and only one of them an be maximized at a time. The rst is dependent
on pairwise orrelations between qubits, while other is based on their loal and individual prop-
erties. Thus the quantum information an be stored either in the magnetization, or the pairwise
orrelations, or in a form irrelevant to (5.31)
Finally, we show in [91℄ that whenever there is a ertainty that the ground state is entangled,
also the heat apaity an serve as an entanglement witness. Without purely quantum orrelations
C would diverge to innity at low temperatures. However, the low-temperature behavior of the heat
apaity is under requirements of the Third Law of Thermodynamis [65℄. We have also based our
argument on the universality of thermodynamial quantities. In this ontext the universality means
that the thermodynamial funtions have similar forms for various physial systems. Thermal
entanglement an be revealed by the heat apaity for both general universality lasses, i.e., systems
with gap-less and gapped spetra. We, however require the knowledge of the ground-state energy
and the bound for separable states. For this reason our onsiderations annot be treated as a
derivation of new argument, but rather a version of arguments based on the internal energy.
In onlusions, we hope that our researh has brought an impat in deteting entanglement in
various physial systems. We have presented new Bell inequalities, methods of their derivation and
onditions for their violation [64, 92, 93℄. The other problem addressed by Wie±niak, Vedral, and
Brukner [90, 91℄ was thermal entanglement in bulk systems. In one of the papers we have derived
thus far the most general marosopi entanglement witness, the magneti suseptibility. The other
artile assoiates quantum orrelation of the ground state with the Third Law of Thermodynamis.
We believe that all these results have enlarged our knowledge about the role of entanglement in
Nature. We hope that in future they will also nd more spei appliations in proessing quantum
information.
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